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Abstract. Let G be a finite subgroup of SL(r, C). In dimensions r — 2 and 
r = 3, McKay correspondence provides a natural bijection between the set of ir- 
reducible representations of G and a cohomology-ring basis of the overlying space 
of a projective, crepant desingularization of C'/G. For r — 2 this desingulariza- 
tion is unique and is known to be determined by the Hilbert scheme of the G- 
orbits. Similar statements (including a method of distinguishing just one among 
all possible smooth minimal models of C 3 /G), are very probably true for all G's 
C SL(3,C) too, and recent Hilbcrt-schcmc-tcchniqucs due to Ito, Nakamura and 
Reid, are expected to lead to a new fascinating uniform theory. For dimensions 
r > 4, however, to apply analogous techniques one needs extra modifications. In 
addition, minimal models of C/G are smooth only under special circumstances. 
C 4 / (involution), for instance, cannot have any smooth minimal model. On the 
other hand, all abelian quotient spaces which are c.i.'s can always be fully resolved 
by torus-equi variant, crepant, projective morphisms. Hence, from the very begin- 
ning, the question whether a given Gorenstein quotient space C/G, r > 4, admits 
special desingularizations of this kind, seems to be absolutely crucial. 
In the present paper, after a brief introduction to the existence-problem of such 
desingularizations (for abelian G's) from the point of view of toric geometry, we 
prove that the Gorenstein cyclic quotient singularities of type 

j (l,...,l,i-(r-l)) 

with I > r > 2, have a unique torus-equivariant projective, crepant, partial res- 
olution, which is "full" iff either I = mod (r — 1) or I = 1 mod (r — 1). As it 
turns out, if one of these two conditions is fulfilled, then the exceptional locus of 
the full desingularization consists of prime divisors, — 1 of which are 

isomorphic to the total spaces of Pf.-bundles over P^ -2 . Moreover, it is shown that 
intersection numbers are computable explicitly and that the resolution morphism 
can be viewed as a composite of successive (normalized) blow-ups. Obviously, 
the monoparametrized singularity-series of the above type contains (as its "first 
member" ) the well-known Gorenstein singularity defined by the origin of the afiinc 
cone which lies over the r-tuple Veronese embedding of P^ _1 . 



1. Introduction 



(a) Let / : Y — > X be a birational morphism between two normal, Q-Gorenstein 
complex varieties X and Y of index j. Denote by lux — O {Kx) and toy — O {Ky) 
the dualizing sheaves, and by Kx and Ky representatives of canonical divisors of X 
and Y, respectively. / is called crepant if = /» (w^M , or, in other words, if the 

discrepancy jKy — f* (jKx) vanishes. The "prototype" for a crepant morphism 
is the proper birational map which desingularizes the usual double-point-locus 

X = {( Zl ,Z2,z 3 ) e C 3 | £ + 4 + 4 = 0} 

by blowing up 6l C C 3 . Crepant birational morphisms were mainly used in 
the past two decades in algebraic geometry to reduce the singularities of com- 
plex 3-folds (and, sometimes, n-folds) to terminal (or even Q-factorial terminal) 
singularities, and to treat of minimal models in high dimensions. For X being 
the underlying space of a Gorenstein quotient singularity, they are "by definition" 
related to McKay-type correspondences. 

(b) Let r be an integer > 2, G a finite subgroup of GL(r, C) containing no pseu- 
doreflections and acting linearly on C r , and p : C r — > C r /G the corresponding 
quotient map. The underlying space C r /G of the (germ of the) quotient singular- 
ity (C r /G, [0]), with [0] := p(0), is canonically equipped with the structure of a 
normal, Cohen-Macaulay complex variety (or complex-analytic space). 

• The singular locus Sing(C r /G) of C r /G itself contains always [0], but for r > 3, 
it is possible to possess also other strata of C r of codimension > 2 passing through 



[0] (cf. |5J below). 

• As it was proved by Watanabe |f9| , C r /G is Gorenstein iff G C SL(r, C). 

• If r = 2, G C GL(2,C), the quotient space C 2 /G admits a unique minimal 
desingularization 

/ : X X = C 2 /G (1.1) 

( "minimal" in the sence that the exceptional locus of / does not contain any curve 
with self- intersection number —1, or equivalently, that there exists, up to isomor- 
phism, a unique morphism h : X — * X with g = f o h, for any desingularization 
g : X — > X of X). The description of the prime divisors (rational curves) con- 
sisting the exceptional locus of the above /, as well as that of the way of how 
these divisors intersect each other (tree configurations), is due to Hirzebruch |53| 
(for cyclic acting groups) and Brieskorn js| (for all the other finite subgroups G of 
GL(2,C)). 

• The minimal desingularization ( |l . l| ) is crepant if and only if G C SL(2, C). In 
this special case, the (Gorenstein) quotient spaces C 2 /G are embeddable as A- 
D-E hypersurfaccs in C 3 (Klein @, Du Val @, |J)) and are nothing but the 
rational double points treated in the classical theory of the simple hypersurface 
singularities. Table 1 contains all possible finite subgroups of SL(2,C). 
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Nr. 


groups G 


Dynkin's 

n Q t" l An 


\G\ 


j conjugacy 1 

" 1 fln«QPQ nf G 1 

1 CldboCh Ul LX 1 


1. 


cyclic groups C& 
of order k > 2 




k 


k 


2. 


binary dihedral 
groups D fc _2 
with k > 4 




All 0\ 

4 (fe — 2) 


K + 1 


3. 


binary tetrahedral 
group T 


E 6 


24 


7 


4. 


binary octahedral 
group O 


E 7 


48 


8 


5. 


binary icosahedral 
group I 


E s 


120 


9 



Table 1. 



More precisely, taking into account the above group classification, one obtains for 
the quotient spaces C 2 /G, G C SL(2,C), and (|Ll"l): 

Theorem 1.1. The quotient spaces C 2 /G = Max-Spec [yi,y2] G ^ , for G a fi- 
nite subgroup of SL(2,C), are minimally embedded as hypersurfaces 

{(^1,22,23) e C 3 I h(z 1 ,z 2 ,z 3 ) = 0} 



[?i>?2] — C [zi, 22,23] / (/i (zi, Z2, 23)). (The normal form for the 
ideal generator in each individual case is mentioned in the third column of table 
2.) 



Theorem 1.2. Every quotient singularity (C 2 /G, [0]), with G a hnite subgroup 
of SL(2,C), admits a unique minimal (= crepant) resolution 

f: (CVG,E) -> (C 2 /G, [0]) 

(up to isomorphism) with exceptional divisor E consisting of a configuration of 
rational smooth curves with self-intersection number —2. The intersection form of 
E is negative definite and therefore the Dynkin diagrams of type A-D-E are the 
dual graphs of the irreducible components of E. (See table 2; each "•" intimates 
a smooth rational curve and each edge a transversal intersection at one point. For 
details, see e.g. Lamotke Q and Slodowy |fF2f ). 
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Nr. 


G 




Dynkin diagram of the minimal resolution 


1. 


c fe 


z l + z 2 + z 3 


• • • — • 

(fe— 1) vertices 


2. 


Dfc_ 2 


2 i 2 fe— 1 

zf + z$ z 3 + z 3 


• 

1 

9 (k vertices) 


3. 


T 


z\ + zl + zl 


• • — — • • — — • 

1 

• 


4. 


(J 


2 i 2 i 3 
z l + z 2 + z 2 ^3 


• — • — • — • — • — • 

i 

• 


5. 


I 


21 1 + Z 2 + z 3 


• — • — • — — • 

(by dots are meant here 
3 additional vertices) 

• 



Table 2. 



• Denoting by J) a simply-laced Dynkin diagram belonging to the fourth column 
of Table 2, there is an "extended" Dynkin diagram £) oxt obtained by adding one 
vertex v to D and by connecting the vertices, say Vj.,. .. , v„, of D with v in 
the following way: Let R be the root system corresponding to 2). The vertices 
Vi, . . . , v„ give rise to simple roots t% , . . . , t„ with respect to the system R+ of the 
positive roots. Furthermore, vo corresponds to to = —8, where 9 is the "longest" 
root (i.e., 9 is positive and 9 + 1, non-positive for all i, i S {1, .., v}). In D cxt one 
connects v and v, by an edge if and only if (to,t;) ^ 0. In the late seventies, 
McKay observed a remarkable connection between the representation theory 
of the finite subgroups of SL(2,C) and the extended Dynkin diagrams D oxt . To 
formulate it explicitly, let us point out that each vertex v, of D cxt is accompanied 
by a label qi £ N, with qo = 1 and X^=o Xi 9* ~ ^' or equivalently, 9 — J2i=i r » Qi- 

Theorem 1.3 (Classical McKay Correspondence ). Let G be a finite sub- 
group of SL(2, C) and D its Dynkin diagram. Then there is an one-to-one corre- 
spondence 

r r ^rxti f equivalence classes of 1 

{vertices of £ cxt } 3 v* < — > p t £ < . , \. , n > 

L ' I irreducible representations of G J 

so that p i has dimension qi. Moreover, for any two dimensional representation p' 
of G in C 2 , there exist isomorphisms for all i, i £ {0, 1, v} , 

Pi®P'^[ Pi 

\j incident to i 
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• Having this theorem as starting-point, Gonzalez-Sprinberg, Verdier pqj , and 
later Knorrer , constructed a purely geometric, direct correspondence "of McKay- 
type" between the set of irreducible representations of G, and the cohomology ring 
of A = C 2 /G via "tautological sheaves". Recently, Ito, Nakamura and Reid 
|63| , introduced new techniques for the study of McKay correspondence involving 
Hilbcrt schemes of G-orbits. 



• In particular, for r — 2, the main result of Ito and Nakamura 
|52fl can be roughly stated as follows: 



39 



51 



Theorem 1.4. Let G be a finite subgroup of SL(2,C) with I = \G\. Then there 
is a unique irreducible component 7i G (C 2 )of the G-ftxed point set H. 1 [<C 2 ] of 
the Hilbert scheme Ti 1 [C 2 ] parametrizing all clusters of length I onC 2 , such that 
the induced proper birational morphism 



2 ) — >C 2 /G = X 



gives again the minimal resolution (|1.1D of X (up to isomorphism). Moreover, the 
original correspondence of |B5L E|, between the non-trivial representations 
of G and the exceptional prime divisors of ([O]) can be reinterpreted exclusively 
in terms of suitable ideals ofTL G (C 2 ) . 

• More generally, for arbitrary r, if / : X — ► X denotes a projective crepant 
("full") desingularization of X = C/G, then the expected bijections are those of 
the following box: 



B 



irreducible 
representations 
of the group G 

1 

conjugacy 
classes of G 



1:1 



a suitable basis 
of the cohomology 

ring H* (X;Z] 



a suitable basis of the 
homology ring [X;Z 



which is now known as Reid's slogan : 

representation theory of G " 



homology of X. 



This conjecture is accompanied by the remark that the above bijections probably 
satisfy certain "compatibilities" (as for r — 2) with respect to the behaviour of the 
cup product, the image of the character table of G, the duality interrelation etc. 

• Although on the level of "counting" dimensions of rational cohomology groups, 
or even on that of providing formal correspondences between the left and the 
right hand side, the required techniques are meanwhile well-understood (by toric 
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methods || for G abelian, and by recent results of Batyrev J2| involving non- 
archimedian integrals, for arbitrary G's), there are still lots of open questions of 
how one might work with (co)homology groups the coefficients of which are taken 
from 1. 

• Rcid's approach to this generalized McKay-type-conjecture is two-fold. The first 
idea (concerning correspondence B) relics on the application of the following Ito- 
Reid theorem f4l|| in order to construct a suitable collection of loci within X (i.e., 
a collection of centers of monomial valuations on C (X)) generating iJ* 

Theorem 1.5. LetG be a finite subgroup of SL(r,C) acting linearly on C r , r > 2, 
and X = C r /G. Then there is a canonical one-to-one correspondence between the 
junior conjugacy classes in G and the crepant discrete valuations of X . 

• The second idea (w.r.t. bijection A) is to consider the tautological sheaves 3p 
assigned to the irreducible representations p of G. Reid (6^] conjectures (and proves 
for several examples) that appropriate Z-linear combinations of the Chern classes 

of 3>'s lead to a canonical Z-basis of the cohomology ring H* ^X; l)j . Moreover, 

if X happens to be isomorphic to TL G (C), then these sheaves enjoy very good 
algebraic-geometric properties (they are generated by their global sections, are 
vector bundles, their first Chcrn classes induce nef linear systems etc., cf. f63f , 
5.5). In particular, in this case Tt G (C r ) is birationally distinguished among all the 
other projective crepant resolutions of X. 

• As both A and B are clarified in dimension 2, let us recall what is known for 
r = 3. Next theorem is due to Markushevich [|7j, @, Ito §5), @, and 
Roan H, H, & & 

Theorem 1.6. The underlying spaces of all 3-dimensional Gorenstein quotient 
singularities possess crepant resolutions. 



Z 3 ) is a 



Conjecture 1.7. Let G be any finite subgroup of SL(3,C). Then H 
crepant resolution ofC 3 /G. 

For abelian G's Conjecture was proved by Nakamura (53) (for an outline of the 
proof see also [33i, § 7); work on the non-abelian case is in progress. The complete 
verification of 1.7 would mean that for all quotients C 3 /G there is always a dis- 
tinguished]^] smooth minimal model available, satisfying all the above mentioned 
peculiar properties. 

• In dimensions r > 4, however, there are certain additional troubles already from 
the very beginning and Reid's complementary question (|^2|, Q, § 4.5, Q, 5.4) 
still remains an unanswered enigma: 

contrast to dimension 2, in dimension 3 minimal models are unique only up to isomor- 
phisms in codimension 1. Moreover, there exist lots of exam ples of acting groups G, for which 
C 3 /G has crepant, full, non-projective resolutions (see below [7.51). 



G 



Reid's question : Under which conditions on the acting groups 



GcSL(r.C), r>4, 

do the quotient spaces C/G have projective crepant desingularizations? 

• Note that the existence of terminal Gorenstein singularities implies automatically 
that not all Gorenstein quotient spaces C/G, r > 4, can have such desingulariza- 
tions (cf. Morrison-Stevens [p"(j| ). 

• Moreover, in contrast to what is valid in the "low" dimensions 2 and 3, the 
Hilbert scheme Tt G (C) for r > 4 might be singular, even if the quotient C r /G 
being under consideration is known to possess projective, crepant resolutions. (We 
are indebted to I.Nakamura and M.Reid for this information^]) . 

• On the other hand, as it was proved in |ll[] by making use of Watanabe's clas- 
sification Q of all abelian quotient singularities (C/G, [0]), G C SL(r, C), (up 
to analytic isomorphism) whose underlying spaces are embeddable as complete 
intersections ("c.i.'s") of hypersurfaces into an affine complex space, and methods 
of toric and discrete geometry, 

Theorem 1.8. The underlying spaces of all abelian quotient c.i. -singularities ad- 
mit of torus-equivariant projective, crepant resolutions (and therefore smooth min- 
imal models) in all dimensions. 

In particular, taking into account the specific structure of these singularities de- 
pending on the free parameters of the so-called "Watanabe forests" , this theorem 
guarantees the existence of infinitely many (isomorphism classes of) Gorenstein 
quotient singularities in each dimension having resolutions with the required prop- 
erties. Nevertheless, these c.i. -singularities are of special nature, and they form a 
relatively "sparse" subclass of the class of all Gorenstein abelian quotient singular- 
ities. (For instance, all Gorenstein cyclic quotient msc-singularities in dimensions 
> 3 are not c.i.'s!). Thus, as "next step" it is natural to ask what happens with 
respect to the non- c.i.'s. Various necessary existence-criteria working quite well in 
the framework of this most general consideration, partially sufficient conditions, 
and certain theoretical and algorithmic difficulties which arise from LP-feasibility 



problems (cf. rem. 6.16 below), as well as further families of non-c.i. abelian quo- 
tient singularities for which it is possible to apply a direct, constructive method 
to obtain the desired resolutions, will be discussed in detail in In the present 
paper, we shall study another special (but, again, infinite) series of Gorenstein, 
non-c.i. (for r > 3), cyclic quotient singularities admitting a uniquely determined 
torus-equivariant projective, crepant resolution under very simple and absolutely 
well-controllable (necessary and sufficient) number-theoretic conditions. This res- 
olution will be defined as an immediate generalization of the most well-known 
example in the literature, namely of the "single blow-up" of the affine cone over 

2 Nakamura's typical counterexample is the so-called (4; 2)-hypersurface-singularity (in the 
terminology of Jill]), with non- smooth H°. This singularity has projective crepant resolutions 



(cf. |u), cor. 6.37or g, § 5) 
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the ("-tuple Veronese embedding of P£. at the origin. Let us first formulate it 
explicitly. 

Proposition 1.9. Let G be the Unite cyclic group of analytic automorphisms of 
C r ,r>2,of order I > 2, generated by 

g : C r 9 (zi, . . . , Zr) h-» (e^ 1 z u . . . , z r ) G C r (1.2) 

(i) (C r /G, [0]) is an isolated singularity, and its underlying space is embedded into 

as the zero-set 

{t u t v ■ ■ ■ t w — t u > t v < ■ ■ • i w ' = | sort (u v • • • w) = sort (u' v' • • • w') } , 

where u, v, . . . are defined as multiple index sets 

u = u\ i*2 . . . ui = 1 1 .. . l y 2 2 .. . 2 3 3 . . . 3 ... rr.^..r 

ii-times 22-timcs 23-timcs i r -times 

with 

i 1 +i 2 -\ Yi r = l & < ij < I, Vj, 1 < j < r, 

and sort( • ) denotes the sorting of any string of the alphabet {1, 2, 3, . . . , r} into 
weakly increasing order. 

(ii) The singularity (C/G, [0]) is 

terminal <^=> r > I 
< canonical <^=> r > I 
Gorenstein I \ r 



(iii) If Bio (C r ) denotes the (usual) blow-up of C at the origin, then the action 
of G on C can be extended onto Bl (C r ), 

Bl (C r ) /G -» C'/G (1.3) 

is a (full) resolution of [0] G C/G , the exceptional prime divisor D is isomorphic 
to P^ -1 , and the corresponding relative canonical divisor equals ( j — l) £>. 

(iv) ( |l.3| ) is (the unique) crepant resolution of C r /G if and onfy if r = I . 



Proof, (i) is an easy exercise (one has just to compute the generators of the ring 
of invariants and their relations, cf. J42fl . p. 40, and Sturmfels |73[ ], p. 141, for 
the explanation); (ii) follows from the general theorems of Reid [59] (cf. (1.5), p. 



277, (3.1), p. 292) or directly from (iii). The construction of (1.3) is due to Ueno 



|75J, (see also ]76|, pp. 199-211), who called it the "canonical resolution" of C r /G 
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and used it to obtain generalized Kummer manifolds by resolving special quotient 
spaces defined by discrete groups acting on complex tori, (iv) was pointed out by 
Hirzebruch & Hofcr in p. 257, and follows from (iii). For the uniqueness (up 
to isomorphism), see e.g. Roan's comments in [Q, Ex. 1, p. 135. □ 

(c) For fixed dimension r > 2, a "2-parameter" series of cyclic quotient singulari- 



ties containing (1.2) of prop. 1.9 as its "first member" (/i = 1) is that of type 

/i > 1 (1.4) 




(see 5.3 for the definition and notation). A unique "canonical dcsingularization" 
for each of its members was given by Ueno j74j, § 4, pp. 53-63, and Fujiki pi] , 
pp. 316-318, in the case in which the dimension equals r = 3, and turned out to 
be very useful for the characterization of exceptional fibers belonging to smooth 
threefolds fibered over a curve and having normally polarized abelian surfaces as 
generic fibers. (This was, in fact, a direct generalization of Hirzebruch's "contin- 
ued fraction algorithm" |33], pp. 15-20, to the next coming dimension). Since 
we are mainly interested in Gorenstein singularities and in the existence (or non- 
existence) of projective, crepant, full resolutions in dimensions r > 4, we shall 



consider for (1.4) only the case where jj, = I — (r — 1) (cf. 5.6, 8j] below) and con 



scqucntly I as the only available parameter. Our main motivation to work out this 
series was a recent remark of Reid in |63|, 5.4; namely, that the four-dimensional 
cyclic singularities of type j (1,1, 1,/ — 3) with gcd(Z,3) = 1 are to be resolved 
by a crepant morphism if and only if / = 1 mod 3. We give a generalization in 
all dimensions, even without assuming the isolatedness of the corresponding sin- 
gularity, show the uniqueness and projectivity of the crepant morphism, describe 
the exceptional prime divisors and their intersection numbers, and compute the 
cohomology dimensions of the desingularized space. 

Exactly as in [ pd| , we shall exclusively work with the machinery of toric geometry. 
More precisely, the paper has the following structuring : In section 2 we give the 
toric glossary which will be used in the sequel. (The reader who is familiar with 
this matter may skip it). Sections 3 and 4 are complementary. (In fact, the reason 
for adding in § 3 some lengthy explanations is that there is a potential for confu- 
sion between the usual blow-up of a toric subvariety V (r) of an X (N, A) and the 
starring subdivision w.r.t. r. These are identical only for smooth X (TV, A)'s! On 
the other hand, to lend an algebraic-geometric characterization to even very simple 
combinatorially motivated cone subdivisions, it is absolutely natural to blow-up 
also not necessarily reduced subschemes). In § 4 we deal with a high dimensional 
analogue of the so-called Hirzcbruch-surfaces and make certain remarks concerning 
its embeddings and intersection theory. (It turns out that all but one exceptional 
prime divisors which will arise later on in our desingularizations are of this sort). 
Sections 5-6 outline a first systematic approach to the general problem of the exis- 
tence or non-existence of crepant (preferably projective) resolutions of Gorenstein 
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abelian quotient singularities of dimension > 4 by basic (and coherent) triangu- 
lations of the junior simplex. In § 7 we take a closer look at the low dimensions. 
Sections 8 and 9 contain our main results. Though the singularity-series which we 
study is rather special, we hope at least that it will become clear how one may 
apply our techniques to more demanding singularities. In particular, in section 9, 
the factorization of the desingularizing morphism is reduced to a "game" with the 
available simplices. Finally, in § 10 we give a foretaste of what may be done for 
the series generalizing j (1,2,4) and state the GPSS-conjecture. 

Terminology and general notation. By a complex variety is meant an integral, 
separated algebraic scheme over C. A complex variety is therefore an irreducible, 
reduced ringed space (X, Ox) with structure sheaf Ox which is locally determined 
by the canonical structure sheaf of the spectrum of an affine complex coordinate 
ring. Sing(A) denotes the singular locus of A, i.e., the set of all points x G X with 
Ox,x a non-regular local ring. Analogously, x G X is normal, Cohen-Macaulay, 
Gorenstein etc., if Ox,x is of this type. A subvariety Y of X is a closed integral 
subscheme of X. If codimx (Y) = 1, then Y is especially called a prime divisor. 
By CDiv(A), WDiv(A), Pic(X) and A. (X) = ® k > A k (X) we denote the groups 
of Cartier and Weil divisors, the Picard group, and the graded Chow ring of X, re- 
spectively. (For X smooth, A* (X) = ® k > A k (A), with A k {X) = A dimX -k {X)). 
Just as in [ pi] , by a desingularization (or resolution of singularities) f : X — > X 
of a non-smooth X, we mean a "full" or "overall" desingularization (if not men- 
tioned), i.e., Sing (a) = 0. When we deal with partial desingularizations, we 

mention it explicitly. A birational morphism / : A' — > X is projective if X' ad- 
mits an /-ample Cartier divisor. The intersection numbers of Cartier divisors are 
defined as in Q (see below § |^ (i)). 

2. Preliminaries from toric geometry 

We recall some basic facts from the theory of toric varieties and fix the notation 
which will be used in the sequel. For details the reader is referred to the standard 
textbooks of Oda Q, Fulton Q, and Ewald Q, and to the lecture notes Q. 

(a) The linear hull, the affine hull, the positive hull and the convex hull of a set 
B of vectors of E r , r > 1, will be denoted by lin( J B), aff(B), pos(B) (or R> Q B) 
and conv(-B) respectively. The dimension dim(J3) of a B C K r is defined to be 
the dimension of its affine hull. 

(b) Polyhedral cones. Let N = V be a free Z— module of rank r > 1. N can 
be regarded as a lattice in Ar :— N ®i M = W . (For fixed identification, we shall 
represent the elements of Ak by column- vectors in W"). If {n±, . . . , n r } is a Z-basis 
of A, then 

det(A) := |det (m,...,n r )\ 

is the lattice determinant. An n G N is called primitive if conv({0, n})HA contains 
no other points except and n. 
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Let N = Z r be as above, M := Homz (A, Z) its dual lattice, Ar, Mr their real 
scalar extensions, and (., .} : Ar x Mr — > K the natural M-bilinear pairing. (For 
fixed identification Mr = R r , we analogously represent the elements of Mr by row- 
vectors in K r ). A subset a of Ar is called strongly convex polyhedral cone (s.c.p. c, 
for short), if there exist ni, . . . ,rik S Ar, such that cr = pos({ni, . . . , n&}) and 
a n (—cr) = {0}. Its relative interior int(cr) (resp. its relative boundary da) is the 
usual topological interior (resp. the usual topological boundary) of it, considered 
as subset of lin(cr). The dual cone of cr is defined by 

a v :={xeM R | (x,y) > 0, Vy, y e a} 

and satisfies: cr v + (— cr v ) = Mr and dim(cr v ) = r. A subset r of a s.c.p. 
cone a is called a /ace of a (notation: r -< cr), if t = {y G cr | (nzo,y) =0}, for 
some rrio £ °' v - A s.c.p.c a = pos({ni, . . . , nk}) is called simplicial (resp. ra- 
tional) if m, . . . , rife are M-linearly independent (resp. if ni, . . . , e Aq, where 

A Q := iV® z Q). 

(c) Monoids. If a C Ajg is a rational s.c.p. cone, then cr has as its apex and the 
subsemigroup a fl of A is a monoid. The following two propositions describe 
the fundamental properties of this monoid a n A and their proofs go essentially 



back to Gordan [Eft, Hilbert 1 30 1 and van der Corput p7J, p. 



Proposition 2.1 (Gordan's lemma), cr n is finitely generated as additive 
semigroup, i.e. there exist 

ni, ri2, • ■ ■ , n v S cr n N , such that a n N — Z>o Tii + Z>o U2 + ■ ■ ■ + Z>o . 



Proposition 2.2 (Minimal generating system). Among all systems of gener- 
ators ofcrCiN, there is a system Hlbjv (cr) of minimal cardinality, which is uniquely 
determined (up to the ordering of its elements) by the following characterization : 







n cannot be expressed 




Hlb N (cr) = < 


n e crn (A\ {0}) 


as the sum of two other 




vectors belonging 


1 






to crn (A \ {0}) 





(2.1) 



Proof. See e.g. Schrijver 0, p. 233. □ 



Definition 2.3. Hlbjy (cr) is often called the Hilbert basis of a w.r.t. N. 



About algorithms for the determination of Hibert bases of pointed rational cones, 
we refer to Pottier (56), 0, Sturmfels @ (13.2, p. 128), and Hcnk-Weismantel 
IT 



and to the other references therein. 
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(d) Algebraic tori defined via N. Let C* be the multiplicative group of non- 
zero complex numbers. For N = Z r we define an r-dimensional algebraic torus 
T N = (£*) r by : 

T N :=Hom z (M,C*) =N® Z C*. 
Every to G M assigns a character e (to) : T N — > C* with 

g (to) (t) :=t(m) , Vt, t£ T N . 

We have : 

e (m + m') = e (to) • e (m') , for m,m' £ M , and e (0) = 1 . 

Moreover, for each n G N, we define an 1-parameter subgroup 

7„:C*^Tjv with 7„(A)(m) := A (m ' Il> , for A G C*. to G M, 

iln+n' — ln° In't f° r n i n ' ^ N). We can therefore identify M with the 
character group of TV and N with the group of 1-parameter subgroups of Tjy. If 
{m, . . . , n r } is a Z-basis of N and {mi, . . . , TO r } the dual basis (of M) and if we 
set Uj := e (mj), Vj, 1 < j < r, then there exists an isomorphism 

T N ( Ul (t),...,u r {t)) G (C*) r , 

and {u\, . . . , u r } plays the role of a coordinate system of Tjy. Hence, to an 

r r 

to = o^m^ G M ( resp. to an n = ^ 6jTij ) 

we associate the character ( "Laurent monomial" ) e (m) = u" 1 • u\ 2 ■ ■ ■ u% T 

( resp. the 1-parameter subgroup 7„ : C 9 A n 
On the other hand, for a rational s.c.p.c. a with 

M n cr v = Z> mi + Z> to 2 H h Z> m fc , 

we associate to the finitely generated, normal, monoidal C-subalgebra C [M D <t v ] 
of C [M] an affinc complex variety 

U a := Max-Spec (C [M n cr v ]) , 

which can be identified with the set of semigroup homomorphisms : 



u (0) = 1, u (m + to') = u (to) • u (to') 
for all to, to' G M n cr v 



where e (to) (u) := u (to) , Vto, to G M n cr v and Vw, u e U a . 
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Proposition 2.4 (Embedding by binomials). In the analytic category, U a , 
identified with its image under the infective map (e (mi) , . . . , e (m^)) : U a C k , 
can be regarded as an analytic set determined by a system of equations of the form: 
(monomial) = (monomial) . This analytic structure induced on U a is independent 
of the semigroup generators {mi, . . . , m^-} and each map e (m) on U a is holomor- 
phic w.r.t. it. In particular, for r ~< u,U T is an open subset ofU a . Moreover, if 
# (HlbM (f v )) = d (< k), then d is nothing but the embedding dimension ofU a , 
i.e. the minimal number of generators of the maximal ideal of the local C-algebra 
Ou„, (oec d )- 

Proof. See Oda @ prop. 1.2 and 1.3., pp. 4-7. □ 

(e) Fans. A fan w.r.t. N = 17 is a finite collection A of rational s.c.p. cones in 
TVr, such that : 

(i) any face r of a 6 A belongs to A, and 

(ii) for <7i, <T2 G A, the intersection (7i n (72 is a face of both cti and o~2- 

The union |A| := U {a a 6 A} is called the support of A. Furthermore, we 
define 

A (i) := {a e A \ dim (a) = i } , for < z < r . 

If q G A(l), then there exists a unique primitive vector n(g) G N C\ g with 
g = ]R>o n (p) and each cone a € A can be therefore written as 

<7 = ^ M>o n (g) . 
eeA(i) 

The set Gen(c) := {n (g) \ g G A (1) , g -< cr } is called the sei o/ minimal genera- 
tors (within the pure first skeleton) of a. For A itself one defines analogously 

Gen (A) := (J Gen (a) . 

crSA 



(f) Toric varieties, orbits and stars. The toric variety X(N,A) associated to a 
fan A w.r.t. the lattice N is by definition the identification space 

*<*A)-((U *.)/-) 
with C/o-j 9 uj ~ u 2 6 ^c7 2 ^ an( i only if there is a r G A, such that r -< o\ n (72 



and Mi = «2 within {7 r (cf. lemma 3.1 below). As complex variety, X(N,A) 



turns out to be irreducible, normal, Cohen-Macaulay and to have at most rational 
singularities (cf. Q, p. 76, and @, thm. 1.4, p. 7, and cor. 3.9, p. 125). 
X (N, A) is called simplicial if all cones of A are simplicial. 
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• X (N, A) admits a canonical T/v-action which extends the group multiplication 
of T N = U{ } : 

TV x X (N, A) 3 (t, u) — >t-ueX{N,A) (2.2) 

where, for u € U a , (t ■ u) (to) := t (to) -u (to) , Vm, to 6 A/ner v . The orbits w.r.t. 
the action (^^) are parametrized by the set of all the cones belonging to A. For 
a t G A, we denote by orb(r) (resp. by V(t)) the orbit (resp. the closure of the 
orbit) which is associated to r. The spaces orb(r) and V (r) have the following 
properties (cf. [||, pp. 52-55, ||, § 1.3) : 
(i) For r G A, it is 

V (r) = ]J {orb (a) |o"GA,t-<ct} 

and 

orb(r) = F(r)x|J {V (a) \ r < a} . 



(ii) If t G A, then V (t) = X (N (r) , Star (r; A)) is itself a toric variety w.r.t. 
N (r) := N/N T , iV T : = N n lin (r) , Star (r; A) := {ct | a G A, r -< a } , 

where = (<r + (A^ T ) R ) / (iV T ) R denotes the image of ct in A^ (r) R = Ar/ (iV r ) R . 

(iii) For r G A, the closure V (r) is equipped with an afHne open covering 

{U„{t) \ r<a} 

consisting of "intermediate" subvarieties 

U T (r) = orb (r) f/ ff (r) f/ CT 

being defined by : U a (r) := Max-Spec(C [ct v n M (r)]), with M (r) denoting the 
dual of AT (r). 

(g) Smoothness and compactness criterion. Let AT = Z r be a lattice of rank r 
and (j C Nsl a simplicial, rational s.c.p.c. of dimension k < r. a can be obviously 
written as a = g 1 + ■ ■ ■ + for distinct 1-dimensional cones g l , . . . , g k . We denote 
by 



Par (a) := { y G (A^ 



y = £j ft (ffj) ; with < £j < 1, Vj, 1 < j < k 

3 = 1 



the fundamental (half-open) parallelotope which is associated to a . The multiplic- 
ity mult(cr; N) of a with respect to A~ is defined as 

mult 0; N) := # (Par (a) n A^) = Vol (Par (a) ; A^) , 
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where Vol(Par (a)) denotes the usual volume of Par (er) and 
its the relative volume w.r.t. N a . 

Proposition 2.5. The afEne toric variety U a is smooth iff mult(er; TV) = 1. (Cor- 
respondingly, an arbitrary toric variety X (TV, A) is smooth if and only if it is 
simplicial and each s.c.p. cone er £ A satisfies this condition.) 

Proof. It follows from Q, thm. 1.10, p. 15. □ 

• For the systematic study of toric singularities it is useful to introduce the notion 
of the "splitting codimension" of the closed point orb(cr) of an U a . For the germ 
(U a , orb (er)) of an affine r-dimensional toric variety w.r.t. a singular point orb(er), 
the splitting codimension splcod(orb (cr) ; U a ) of orb(c) in U a is defined as : 



splcod (orb (cr) ; U a ) := max < x S {2, . . . , r} 



U a U a > x C r -*, s.t. 
dim (</) = x and 
Smg(i7 ff /)^0 



If splcod (orb (er) ; U a ) — r, then orb(cr) will be called an msc- singularity, i.e. a 
singularity having the maximum splitting codimension. 

• Next theorem gives a necessary and sufficient condition for X (N, A) to be com- 
pact. 

Theorem 2.6. A toric variety X (N, A) is compact if and only if A is a complete 
fan, i.e., |A| = N R . 

Proof. See Oda @, thm. 1.11, p. 16. □ 

(h) Order functions, support functions and divisors. If X (N, A) is a (not neces- 
sarily compact) toric variety associated to a fan A w.r.t. a lattice TV, M its dual, 
and l : Tjv X (N, A) the canonical inclusion, then t,* (Ot n ) is a T/v-invariant 
quasi-coherent sheaf of Ox (/^ a) -modules canonically embedded into the constant 
sheaf C (X (TV, A)) of rational functions of X (N, A). Let T ^ be a T/v-invariant 
coherent sheaf of fractional ideals over X (N, A) contained in t* (Ox N )- Fix a s.c.p. 
cone er € A, n G TV n cr, and consider the corresponding 1-parameter group^J: 

7„ : Spec (C [w, w" 1 ] ) = C* — > T N = Spec (C [M]) 

Since 3 lim j n (A) € J7 CT (cf. 0, 1.6.(v), p. 10), 7 n is extendable to a map 

7- : Spec (C [w]) = — > C/ CT = Spec (C [Af n cr v ]) . 

3 Here we drop the prefix Max- because we do not work only with closed points but also with 
closed subsets, and the C-scheme structure is essential for the arguments. 
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The coherence of T implies that T \\j a is of type J~ (cf. J27J, pp. 110-111), with 
J a being an M-graded complex vector-subspace of 

H° (T N , Tn ) = C [M] = Ce(ra) 
on the one hand, and a finitely generated C [M n er v ]-module 
J a = C [M n cr v ] • e (m^J , for some mf\ . . . , mfj E M, and <j CT E N , 

3=1 

on the other. The pullback %^*T\u a is realized via the finitely generated C [w]- 
module 

f2C[w]-w( m ^' n ) cC(w). 

Define the order-function w.r.t. J* 7 by 

ordjr (n) := inf |^rnj CT \n^ | 1 < j ' < q a X S Z . 

This ord^r (n) is exactly the image ordo (7^ * J 7 |r/„ ) under the usual order function 

ordo : C (w)* — > Z 

of the discrete valuation ring A i o with w as uniformizing parameter. Since the 
above definition depends only on a, one extends ordjp to the entire |A| by setting 

ord^ (y) := inf {(mj a) ,y) | 1 < j < q a } , Vy, y £ a, er E A . 

The order function ordjr is K- valued and has the following characteristic properties: 

(i) it is positively homogeneous, i.e. ord;r (cy) — c ordjr (y), for all c E M>o , 

(ii) ordjF | CT is piecewise linear on each er 6 A, 

(iii) ord^(7Vn |A|) c Z, and 

(iv) for all a E A, ordjr | CT is upper convex, i.e., 

ord^ I (j (y + y') > ord^- \ a (y) + ord^ \ a (y') , for any pair y, y' E er. 



Definition 2.7. Let X (N, A) be a toric variety. A function ip : | A| — > E is called 
integral PL-support function if it satisfies the above properties (i)-(iv). We define 

PL-SF(7V,A):=( aU integral PL-support j 
v ' [ functions dehned on |A| J 



1G 



and the sets of integral (A-linear) support functions^ 

SF (JV, A) := {ip £ PL-SF (N, A) | ip \ a linear on each a £ A } 

u 

ip upper convex 
on the whole |A| 



UCSF (JV, A) := iip G SF (A, A) 

u 

SUCSF (JV, A) := £ UCSF (JV, A) 



^ strictly upper 
convex on |A| 

Analogously, one defines the sets SF Q (JV, A), UCSFq (JV, A), SUCSFq (JV, A) of 
rational support functions by modifying property (hi) into : ip (Aq D |A|) C Q. 
All the above sets are equipped with the usual additive group structure. 



Theorem 2.8. For a function ip £ PL-SF(JV, A), and an arbitrary cone a £ A 
define 

■= {Ce(m) | (m,y) >^(y), Vy, y£a}. 

m£M 

The family of Tjy -invariant sheaves {(J^)~ \ o £ A } being associated to the fam- 
ily of ideals {(J^) CT | cr £ A } can be giued together (cf. |§7), Ex.II.1.22, p. 69) 
to construct a coherent sheaf J-^p of T/v -invariant fractional ideals over X (JV, A) 
contained in i* (Otn)- Moreover, 

(i) ord^ = ip, 

(ii) ^-"ordjr is the completion of T (in Zariski's sence); 

(iii) mapping T i — ► ordjF and "0 i — ► J 7 ^, one obtains a bijection 

PL SF (A A) <- -> < coherent sheaves of T/y-invariant 

^ ' ' i : i 1 complete fractional ideals over A (JV, A) 

(iv) T C J-^j ord^r > ip, ord^.^ = ord^r 1 + ordjr 2 , and 

(v) J r y, 1 = {as Ox(N,A)- m °dule sheaves) ^ ip x — ip 2 is linear. 

Proof. See Saint-Donat Q, ch. I, § 2, thm. 9, pp. 28-31. □ 

Definition 2.9. Let A (A, A) be a toric variety and o £ A. The convex interpo- 
lation ip0 of a function $ : Gen(cr) — > Z is defined by 



cr 9 y i — ► Vtf (y) : = in f s ( m - y) 



m £ M and (m, y) > d (n (g)) , 1 
Vf>, eeA(l), with g -<! cr J 

4 An integral A-linear support function ip is called strictly upper convex if it is upper convex 
on | A | and if for any two distinct maximal-dimensional cones a and a' , the linear functions m CT , 
m a i £ M = Hom z (Af,Z) C Hom M (iV R ,R) = M R denning = (m CT ,»> and V | CT ' = (m CT ',») 
are different. 
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Correspondingly, by the convex interpolation of a real function i? : Gen(A) — > Z is 
meant a function ^ : | A| — ► K, such that ^ | CT is the convex interpolation of i? | CT 
(in the above sence) for all a 6 A. Obviously, such a ^ belongs to PL-SF(7V, A), 
and conversely each integral PL-support function has this form. 

• Let X be any r-dimensional normal complex variety and D G WDiv(JT). The 
correspondence^: 

reflexive coherent 

A r ., ,x) 3 lD} a {0x ™ e \ (, - p ;™t~Ltr' > / *° « °*> 

over X having rank one 

with Ox (-D) defined by sending every non-empty open subset U of X onto 

f7 i — > Ox (D) (J7) := (^C(I)* | (divfa) + D)\ V >0}, 

induces a Z-module isomorphism (cf. Reid App. to § 1); in fact, to avoid 
torsion, one defines this Z-module structure by setting: 

S (£>! + D 2 ) := (Ox (X>i) ® Ox (^ 2 )) VV , 6 («£>) := Ox - Ox (^) VV , 

for any D, Di,D 2 G WDiv(AT) and k £ Z. 

• For AT = AT (AT, A) any r-dimensional toric variety let now 

Tx-WDiv (X) and Tx-CDiv (X) = Tx-WDiv (X) n CDiv (AT) 

denote the groups of Tx-invariant Weil and Cartier divisors, respectively. If A is 
not contained in any proper subspace of Ar, then^] 



T T 

Pk {X) ^ A r -! (X) 

T T 

Tx-CDiv (X) Tv-WDiv (X) 

t T 
M = M 

T T 
o o 

is a commutative diagram with exact columns. Tx-WDiv(AT) has as Z-basis: 
Tx-WDiv (X) = Z {V (q) I q e A (1) } . 



5 Reflexive coherent sheaves T are those which are isomorphic to their biduals v (where 
F y := HorriQ x (jF, Ox))- For T C C (X) of rank one they are also called divisorial. 

6 In particular, for X smooth and compact, Pic(X) is torsion free and the Picard number 
equals #A (1) - r. 
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Theorem 2.10 (Divisors and support functions). There exist one-to-one cor- 
respondences: 



PL-SF (N, A) 

I 

TV-WDiv (X) 



evaluation functions 
: Gen (A) -> Z 

I 

reflexive coherent (i.p. torsion-free) 
sheaves of rank 1 of 
Tjv-invariant, complete 
fractional ideals 
over X = X(N, A) 



(in fact, 'Z-module isomorphisms) , induced by mapping 



D = D, 



and 



D = D4, 1 — > Tii> = Ox (D) .— > ord^, , 



witii (5 as above and 



e£A(i) 



Moreover, 



D = D 4 ,e Tjv-CDiv (X) 
(i.e., JF^ = Ox (D) is invertible) 



^ = ord^ G SF (iV, A) 



Proof. See Saint-Donat J42J, ch. I, § 2, thm. 9, pp. 28-31. □ 

Theorem 2.11 (Jf "-generated). If X = X(N,A) is a compact toric variety 
and ip G SF(N, A), then 



Ox (Dip) is generated by its global sections 
Proof. See Oda g, thm. 2.7, p. 76. □ 



ip G UCSF (JV, A) 



Theorem 2.12 (Ampelness). Let X =X(N,A) be a (not necessarily compact) 
toric variety. Then a divisor 

D = D 4 ,e Tjv-CDiv (X) (resp. D = A/, G Tjv-CDiv (X) ®i Q) 

is ample if and and oidy if 

i/j G SUCSF (TV, A) (resp. ^ £ SUCSFq (N, A) ) 

Proof. See Kempf |§, ch - : > § 3 ^ thm - 13 > P- 48 - □ 
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Corollary 2.13 (Quasiprojectivity). Let X (N, A) be a toric variety (resp. a 
compact toric variety). Then X (N, A) is quasiprojective (resp. projective) if and 
only if 

SUCSF (N, A) / (or equivalent^ SUCSFq (AT, A) ^ 0) . 

(i) Intersection numbers of Cartier divisors on toric varieties. If X is a normal 
complex variety of dimension r, and Di, . . . , D r Cartier divisors on X, such that 
W :— r)i=i ( SU PP(D;)) is compact, then their intersection number is defined to 
be the degree 

(£>!••• AO := degw {{D x ■ ■ ■ D r }) e Z 

of the zero-cycle 

{L>i D 2 ■■■ D r } := {Di • (D 2 • • ■ D r )} e A (W) 

determined inductively as usual (i.e. probably after passing to the corresponding 
pseudodivisors). See Fulton j22), Ch. 1-2; in particular, 1.1.4, p. 13, and pp. 
38-39. For X = X (N, A) a smooth toric variety, Di — V (ft), for all i, 1 < i < r, 
and ft's pairwise distinct rays, we have 

f 1 > if Qi H h £>, r G A , s 

(Di • • • D r ) = ^ 1 r (2.3) 

I , otherwise 

Moreover, one obtains by general techniques: 

Lemma 2.14. Let X (N, A) be an r-dimensional smooth toric variety and 

D 1 = V( Ql ),...,D r = V( Qr ) 

divisors on X . Suppose that either X itself or at least W is compact, and that 
Si = Qii while all the other rays are distinct. Then : 

(i) If t := g 2 + ■ ■ ■ + g r £ A, the intersection number (D\ ■ ■ ■ D r ) vanishes. 

(ii) If t e A, there exist rays g' , g" G A (1) and integers K2, ■ ■ ■ , K r , such that 

r 

n{g') + n(g")+^2K j n(g j ) = 0, g' + r £ A (r) , g" + r £ A (r) . 

3=2 

In this case 

(D 2 2 • D 3 • • • D r ) - K2 (2.4) 

Proo/. See Oda @, p. 81. □ 

There are also easy generalizations for A simplicial but we shall not use them 
because we shall work exclusively with intersection numbers of divisors on smooth 
X (N, A)'s. Another method for the evaluation of intersection numbers is based 
on mixed polytope volumes. 
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Proposition 2.15. Let X(N,A) be an r -dimensional compact toric variety. If 
i/j G UCSF(iV, A), then the self-intersection number of equals 

D^ = (r!).Vol(P^) (2.5) 

where 

Pi, ■■= Pd^ = {x G Mr I (x, n (g)> > rl> (n (g)) } 

is the lattice polytope associated to the divisor D = defined in 2.10 . More 
generally, for r upper convex functions . . , ip r , one has 

(D^ ■ ■ ■ D^) = (r!) ■ Vol (P^,. .., P Vv ) (2.6) 

where Vol (P^ 1 , . . . , P^ r ) denotes the mixed volume of the polytopes P^, P^, . 

Proof. See Oda Q, prop. 2.10, p. 79. □ 

(j) Euler-Poincare characteristic. The topological Euler-Poincare characteristic of 
a (not necessarily compact) toric variety can be easily read off from the maximal 
cones of the defining fan. 

Proposition 2.16. Let X (N, A) be an r-dimensional toric variety associated to 
A. Then the topological Euler-Poincare characteristic 

2r 



(X (N, A)) = £ (-If dim Q H* (X (N, A) 



i=0 

of X [N, A) is equal to the number of r-dimensional cones, i.e. 

X (X(iV,A)) = #(A(r)) (2.7) 
Proof. See Fulton ||, p. 59. □ 

(k) Maps of fans. A map of fans w : (N',A') — » (N, A) is a Z-linear homomor- 
phism trj : N' — » AT whose scalar extension : — > ATr satisfies the property: 

W, cr' G A' 3 cr, cr G A with w (a 1 ) C cr . 

n7®zidc» : Tjy/ = A 7 "' ®% C* — > Tjy = N ®% C* is a homomorphism from Tjy/ to Tv 
and the scalar extension zu v : A/r — > ATg of the dual Z-linear map w y : M — > M' 
induces an equivariant holomorphic map : X (N',A') — > X (A 7 , A) as follows: 
If (cr') C cr for cr G A, cr' G A', then obviously ro v (M n cr v ) c AT n (cr') v , and 
the holomorphic map 

iu* : U' a , —* U a with vjif (it') (to) := v! {zu y (m)) , Vm, to G A/ n cr v , 

is equivariant because 

tjj, (f ■ «') (m) = (f ■ u') (tn v (to)) = 

= t' (t7j v (m)) • u' (zu v {m)) — ^* (t') (to) • vu * (u') (to) , 

for all t' G Tjv , to G Af n cr v . After gluing together the affine charts of A and of 
A' we determine a well-defined map za* : X (N' , A') — » X (A 7 , A) . 
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Theorem 2.17 (Properness). If vo : (N',A') — » (N,A) is a map of fans, 
is proper if and only if m^ 1 (|A|) = |A'| . In particular, if N = N' and A' is 
a refinement of A, i.e. if each cone of A is a union of cones of A', then the 
holomorphic map id* : X (N, A') — ► X (N, A) is proper and birational. 

Proof. See Oda @, thm. 1.15, p. 20, and cor. 1.18, p. 23. □ 
3. Blow-ups and resolutions of toric varieties 

One of the most fundamental cornerstones of various significant constructions of 
birational morphisms between complex varieties is the blowing up along subvari- 
eties or -more general- along closed subschemes. 

(a) Local construction. Let U — Max-Spec(i?) be (the closed point set of) an afhnc 
noetherian scheme, I an ideal of R, Z — Max-Spec(f?/I) and S (R, I) := © d>0 I d - 
The homogeneous spectrum Proj(S' (R, I)) of S (R, I), together with the structure 
morphism 

Bh(R):= BV Z (U):= Proj (5 (R, I)) U 

is called the blow-up of U w.r.t. I or the blow-up of U along Z (or of U with 
center Z). If {ho, . . . , h^} is a set of generators of /, then 



B1 I Z (U) = (J Max-Spec (r 



i=0 



ho 

hi ' ' hi 



with R 



hp hfj. 
hi ' • • • ' hi 



viewed as an i?-subalgebra of R^ . The exceptional locus of 

(3 is Exc(/3) := /3 _1 (Z) and its contraction locus = Z. Moreover, /3 _1 (J~) is 
invertible (with J~ denoting here the sheaf being associated to the ideal I, and 
with I regarded as an .R-module, cf. @, p. 110), and /T 1 (J~) = S(R,I) (1)~ . 

(b) Globalization by gluing lemma. Let {X^ | j G J} be a family of schemes. 

Lemma 3.1 (Gluing schemes). If there exists a collection {Xj,k j,k G J} of 
open sets X,-^ of 3Ej and isomorphisms of schemes 

satisfying the conditions : 

• Xj = Xjj and r^.j = id^ , 

• Vj,k°Vk :1 = [d x 3 , k , and 

• (Vj,k ° |%m = '/,.^ 1^,^,5 , where % fe , s : .V,./, n (£fe,i) , 

then there exists a scheme W, an open cover {Wj j G J} ofW, and a collection 
of isomorphisms (fj : Wj Xj | j G J j, such that ry fe j - — fk ° fj 1 \x jik for all 
i,j G J. 
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The scheme W obtained by gluing the members of the family { Xj | j G J } via 
the above isomorphisms will be denoted by 

T 

W = TT X or simply by W = ]^[ X 3 

if the gluing isomorphisms are self-evident from the context. 
Proof. See e.g. @, Ex. 11.2.12, p. 80. □ 

Let now I be a coherent (non-zero) sheaf of Ox-ideals over a complex variety X 
and 

{Uj = Max-Spec (Rj) | j G J} 

an affine cover of X. For every j 6 J, we have X | ^ = 7 ~ for some ideal Ij of 
Rj (cf. @, H.5.4). Considering 



as in (a), where Zj — Max- Spec (Rj/Ij), and Z the closed subscheme of X defined 

by 

Z = supp (Ox /I) := {x G X | (O x /2) x 7^ 0} , 
we determine natural isomorphisms 

fSj 1 (u 3 n u k ) 1 (t/, n I/*) . 



Applying lemma 3^1 to the family |/3 - 1 (f/j) j £ J } we construct a birational, 
proper, surjective morphism tt = 7rx 




as the natural projection induced by Ox — * 1° ©d>o -^ d > with Proj denoting 

the global homogeneous spectrum (as in p7| , p. 160). ^Bl^ (X) , 7r^ is the blow-up 

of X along X or the monoidal transformation w.r.t. X (with center Z). Let us 
recall its main properties : 

• 7r induces an isomorphism Bl| (X) \ tt^ 1 (Z) X \ Z, i.e. Exc(7r) = n^ 1 (Z). 

• The algebraic scheme Bl§ (X) is a complex variety (cf. p7| , II. 7.16 (a), p. 166). 

• If both X and Z are smooth, then Bl| (X) is smooth too. 

• The preimage sheaf of T, n~ 1 X ■ Ox := Im(7r*2" — > O b1 x 



is invertible and 
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determines Exc(7r) . Hence, Exc(7r) represents a Cartier (not necessarily prime) 
divisor of Bf§ (X) which is isomorphic to the projectivization P (NO| (X)) of the 
normal cone 

NCf (X) := Spec I T d / l d+1 
\d>a 

of X along Z. The relation between Blf (X) and Exc(7r) is described by the 
isomorphisms 

■^ExcM | Blf(X) - °m%(X) ( Exc O)) I E X c(tt) = Op(NC|(X)) ' 

In particular, if Z is a local complete intersection in X, the canonical epimorphism 
from the d-th symmetrizer sheaf of X / I 2 onto the <i-th part of the normal cone 
graded algebra 

Sym d (I /I 2 ) ^>J d /J d+1 
becomes an isomorphism and therefore 




(Here J\f..., denote the corresponding normal and conormal sheaves.) 

(c) Universal property of blowing up. If g : X' — > X is any morphism, and Z 
(resp. Z') is defined by the ideal sheaf X (resp. by T := n~ 1 T ■ Ox 1 ), where 
7r denotes the blow-up-morphism of X along Z, then composing the morphism 
BI§< (X') — > Bl| (X) Xx X' with the projection to X', we get the commutative 
diagram: 

Bl| (X) X 

/ T V Is 

Blf',(X') -> Blf(X)x x X' — > X' 

If g~ 1 l-Ox> is invertible, then it is easy to deduce an isomorhism Bl|, (X') = X' . 
Hence, there is a unique morphism h factorizing g. This means that ^BI§ (X) , 71^ 
is universal among all pairs (X',g) having invertible ideal sheaves g^ 1 ! ■ Ox 1 ■ 

(d) Blowing up intermediate subschemes. Let Z C x, W 5 X be two closed 
subschemes of X which are defined by the ideal sheaves I and J respectively, 
such that Z n W = supp(O x / 1 + J) ^ and Z (~)W is nowhere dense in W, 
and let 

tt = n x : Bl| (X) — > X, 7r | rcstr . : Bl£+& (W) — 
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denote the corresponding blow-ups. Then, by the above mentioned universality of 
the morphism w, one verifies easily the following isomorphism: 



scheme-theoretic closure of the preimage 
it- 1 (F\(Zn W)) within Blf (X) 



Bl| (X) 

u 

VJ 
L znw 



X 
U 



This closure is called the strict transform 3TR(W, J, tt) of (W,ir) under n. If we 
assume that W <£ Z and Z W, then STR(Z, l,ir x ) n STR(W, J,irj) = (cf. 
Hi, Ex. 7.12, p. 171). 

(e) Normalization process. Even if the complex variety X itself is normal and Z = 
swpp(Ox 1 1) smooth, with ZD Smg(X) ^ 0, Blf (X) is not necessarily normal. 
Using an affine cover of X 

{Uj = Max-Spec (Rj) \ j E J} and Zj = Max-Spec (Rj/Ij) 
(as in (b)) and the (finite) normalization morphisms onto Bl^ {Uj) : 

v 3 : Norm [Bl| (Uj)] — Bl% ([/,) , 

we define i/ie normalized blow-up (Norm [Blf (X)j , 7Tj o i/j ) of X w.r.t. Z (or 
with center Z) by patching the affine pieces together : 







▼ 






Norm 


Blf (X) 


:= Y[ Norm 


1'4 (u 3 \ 


^ Blf (X) X 



The combination of the universal property of the normalization morphism vx (see 
p7| , Ex. 3.8, p. 91) with that of nx (cf. (c)) leads to the universal property of 
normalized blowing up: If g : X' — ► X is any proper morphism, X' normal and 
g~ x 1 ■ Ox> is invertible, then there exists a unique morphism h factorizing g : 



Norm 



Blf (X) 



7TTOWI 

\ h 



X 

T 9 
X' 



(f ) Some warnings. To blow up arbitrary subschemes Z of X requires great care. 
• Sometimes, for different coherent ideal Ox-sheaves 2, T over X and 



Z := supp (Ox /I), Z' := supp (O x /!'), 
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it is possible to have an isomorphism BI§ (X) = Bl~§, (X). For instance, for X an 
arbitrary coherent sheaf of ideals and I' an invertible sheaf of ideals, I and I ■ I' 
give isomorphic blow-ups. The same remains true for I and I d with d > 2 (see 
0,Ex. 7.11, p. 171). 

• On the other hand, if Z is endowed with two different scheme structures 

Z = supp (Ox 1 1) = supp (O x I J) , X ± J, 

then Bl~§ (X) and Bl^ (X) are in general too far from being isomorphic to each 
other. 

Example 3.2. Perhaps the simplest example is to consider X = A^ to be the 
affine complex plane with coordinate system {cc,y}, Z = {(0,0)} the zero point, 
T = (x, y) ■ A 2 the maximal ideal of 0&g,(O,o) an d J = { x i y 2 ) • CaH- Then 

B1 f(o,o)} ( A c) A c 
is the usual blow-up with exceptional set 

^x 1 ({(0, 0)}) = Fh and Sing (Bl x {{m} (A 2 C )) = 0. 

In contrast to the usual blow-up case, and although the blow-up 

B1 f(o,o)} ( A c) A c 

w.r.t. the prime ideal J has also a smooth rational curve as exceptional set, 
the singular locus of Bl^ jj (A^) is non-empty. As one may easily verify, it 
consists of a single ordinary double point which lies on this rational curve. The 
real parts ir^ 1 (2)) and nj 1 (35) over a small disk D C A^ C A^ centered at (0, 0) 
are illustrated in figures 1 (a) and 2. The real part of 7Tj 1 (3)) is used to be viewed 
as a spiral staircase (whose stairs extend in both directions). Away from the origin 
we get an isomorphism, and the points of Exc(7Tx) are in 1-1 correspondence with 
the set of straight lines passing through (0,0) (see fig.l (a)). One may, of course, 
think of it just as an enlargement (Aufblasung) of the origin spreading out the 
"tangent directions" (see fig.l (b)). In fact, it can be shown that the topological 
space of the real part of TTj 1 (D) is homeomorphic to a Mobius strip, while, in the 
analogous setting, ttj 1 (D) has a marked "twisted" point which corresponds to the 
occuring singularity (see fig. 2). In both cases the dotted meridian line indicates 
the exceptional set. 
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Fig. 1 (b) 
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<(©) 




Fig. 2 



• The closed subscheme Z of X can be in general equipped with lots of scheme 
structures Oz, with Oz = Ox 1 1 for different I's. There is, however, a unique 
scheme structure above them, which is the "smallest one" ; namely, the reduced 
induced structure Oz / SHz (supporting the same underlying topological space) 
where Dlz is the O^-ideal sheaf defined by 

{open sets of Z} 3 U < — > V\ z (U) := {the nilradical of O z (U)} 

(see [^tJ, II. 3. 2. 6, p. 86). Let Z re d — supp(0z l^z) denote the reduced sub- 
scheme associated to Z . The singular locus[] of Z can be written as 

Sing (Z) = Sing (Z re d) U {non-reduced points of Z} . 



From now on, the uniquely determined blow-up Bl^' 2 ^ 2 (X) of X along this 

reduced subscheme Z re d will be denoted simply by Bl'J^ (X) and will be called 
the usual blow-up of X along Z. 

• Another notable property of a blow-up is the projectivity of its defining morphism 
■nx (and consequently the projectivity of 7rx o iaj, because vx is finite). 

7 Since we allow Z to carry a non-reduced structure (in contrast to X which is assumed to be a 
complex variety, and therefore always reduced), Sing(Z) might become very "big". In particular, 

for Z = {(0,0)} : 



in the above example 3.2 



supp(0 A 2 / Jj , we obtain Z 



Sing(Z) ! 



2cS 



Proposition 3.3. If X is quasiprojective (resp. projective) , then both Bl§ (X) 



and Norm 



Bl^ {X) will be quasiprojective (resp. projective) as well. 



Proof. See Hartshorne |27|, prop. II. 7. 16, p. 166. □ 

Corollary 3.4. Let X be a quasiprojective (resp. projective) complex variety 
and Z — snpp(Ox / 1) a closed subscheme of X. If Xq := X, Zq := Z , Zq := X 
and 

{ttz^ : X j = Bfj~_\ PO-i) — X,-_i \ l<j<l) 

is a finite sequence of blow-ups with Zj — supp(Oxj / Ij) , then Xi is also quasipro- 
jective (resp. projective). 

• The troubles with the projectivity begin whenever one wishes to blow up (once or 
more times) "overlapping one another pieces" Ui, . . . , f/fc of a fixed closed (possi- 
bly reducible, non-reduced or singular) subscheme Z of a quasiprojective complex 
variety with Z = U i= i ^i) an( ^ try to glue the blown up (non-disjoint) overly- 
ing parts, say W\, . . . , Wk, together. Even if this gluing procedure is absolutely 
natural, the resulting morphism 

T 

/ : X' = ]J Wi — » X 

(with contraction locus Z) is not always projective. The two classical examples of 
this kind, having as starting-point two smooth curves meeting trasversally at two 
points and a curve with an ordinary double point on a smooth complete threefold, 
respectively, are due to Hironaka. See Hartshorne ^7j, pp. 443-445, for the details 
of the construction. The non-projectivity of such an / implies automatically not 
only the non-quasiprojectivity of X' but also the fact that / cannot be expressed 



as a composite of finitely many blow-ups (by cor. 3.4). For another simple exam- 



ple, see rem. 7.5 below 



(g) Desingularization by successive blow-ups with smooth centers. We just for- 
mulate here the famous theorem of Hironaka which guarantees the existence of 
(full) desingularizations by performing a finite number of monoidal transforma- 
tions with smooth centers. (Of course, we should again stress, that not every 
desingularization can be composed of finitely many blow-ups.) 

Theorem 3.5. (Hironaka's TheoremP], ^]J| ). Let X be any complex variety. 
Then there exists always a Gnite sequence of blow-ups 

{ttz^ : X 3 = Bfj~_\ (X^) — X^ | 1 < j < l] , 



such that Xq = X and Sing(X;) = 0, where Zj is a smooth subvariety of 
Sing(X 3 ),Vj, 0< j<Z-l, 

8 The original result of Hironaka is more general. It is valid for any equicharacteristic zero 
excellent scheme X. The centers Zj are normally flat in the ambient space. 
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(Th ere are meanwhile considerable simplifications of the original proof of thm. 
3.5 , like those due to Bierstone & Milman ||, who introduced an appropriate 
discrete local invariant for points of X whose maximum locus determines a center 
of blow-up, leading to constructive desingularization.) 

(h) Toric blow-ups. Working within the category of toric varieties, both blow- 
up and resolution are much more easier as they can be translated into purely 
combinatorial operations involving specific cones of our fans. 

Theorem 3.6 (Toric normalized blow-up). Let X(N,A) be a toric variety, 
I ^0 a Tjy -invariant coherent ideal sheaf defining a subscheme Z of X (N, A) 
with T = (0 X (n,A) I \z contained in l*(Ot n ) {where l : T/v X(N,A) 
denotes the canonical injection) , and 

Norm [Bl| (X (N, A))] X (N, A) 

the normalized blow-up of X (iV, A) along Z . Then nx ° v% is the T^-equivariant 
holomorphic map and the overlying space is identihed with the toric variety 



Norm 



Bli(X(AT,A)) 



X (N, A b i (I; Z)) 



where Abi (I; Z) denotes the following refinement of A : 



A b i (J; Z) := I 



the fan in JVr defined by rational s.c.p. cones 
which constitute the maximal subdivision 
(w.r.t. usual inclusion) of the cones of A, 
so that the restriction of ord (J 7 ) 
on each of them becomes an integral 
linear support function 



Proof. Since Abi (X; Z) is a refinement of the initial fan A, the toric map 



id, : X (N, A b i (I; (N, A) 



Since T 



O 



X(N,A) 



1^) 



z is 



is a proper birational morphism by thm. [2.17 . 
Tjv-invariant, Tjy acts on Bl^ (X (N, A)) too. T is invertible over the open set 
Tjv of X (N, A). Hence, the normalized blow-up is an isomorphism over Tjy, 



TV^Blf(X(Ar,A)) 

is an equivariant immersion and ttj ° Vx & torus-equivariant map. Combining the 
universal property of the normalized blow-up (see (e)) with the fact, that for any 
a G A, the inverse image of X restricted onto U a is an invertible sheaf if and only if 
ordjr \ a is linear (by thm. 2.1C| ), we deduce that id, = ttx°vi (up to isomorphism 
over X (JV, A)). □ 
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Remark 3.7. (i) If X (N, A) is smooth, 

A (1) = { Ql , ...,g k }, Gen (A) = {n u ...,n k }, 
with iii — n (Qj), for 1 < i < k, 

n a := ni H h n k 

and 

pos(n ,n 1 ,...,n J _ 1 ,?i i+1 ,...,n fc ) , for l<j<fc-l 
pos(n ,ni,...,nfc_i) , for j = k 

then, fixing a cone r 6 A, every cone a £ A with r -< cr can be written as 

a = t + a , for some cone a £ A, with a' n r = {0} . 
Setting crj := r 3 + cr', for all j, 1 < j < k, and 

A* (r) := (A \ {cr e A | r -< ct}) U jfaccs of aj 
we get 

X(N,A* (r))=Bl-f r) (X(AT,A)) 

with A* (r) = Abi (X; V (r)) the fan "starring" r, where X is now the usual ideal 
(with no nilpotent elements) defining the closure V (r) as subvariety of X (N, A) 
(cf. Oda Q, prop. 1.26, pp. 38-39; see also Ewald jllj, § VI. 7, for an equivalent 
combinatorial characterization in terms of "stellar subdivisions".) 
(ii) If X (N, A) is not smooth, then performing the above starring subdivision 
w.r.t. r, we get a normalized blow-up of X (N, A) along V (r), with V (r) being 
equipped with a not necessarily reduced scheme structure! For a simple example, 
see [L2 below. 



a G A, t -< a 
for all j, 1 < j < k 



(iii) Even if X (AT, A) is smooth, applying theorem 3.6 for a non-reduced subscheme 



Bl|(X(iV,A)) 



is not 



Z as center, the resulting normal complex variety Norm 

necessarily smooth. The simplest example is to take N — le-y © Ze2, i.e., the 
standard lattice with ei, e2 the unit vectors, M = 7Le\ © 1e\ its dual, 

cr = pos(ei,e 2 ) , U a ^C 2 , Z = (0, 0) = orb (cr) , and I = (e(e^), e(2e 2 / )) . 

Then the blown up space corresponds to the fan consisting of the cones 

0-1= POs((2, l) T ,e 2 ), cr 2 = pos(ei,(2,l) T ), 

together with their faces. Obviously, mult(<7i; N) — 2, and we rediscover the 
second example of |3.2| . (In fact, this is nothing but the so-called weighted blow-up 
of the origin w.r.t. (2, 1) T in Reid's terminology; see [p9[, p. 297). 
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(iv) On the other hand, the normalization of the usual blow-up of a not necessarily 
smooth, affine toric variety U a — Max-Spec(C [M (~l c v ]) along a subvariety can 
be described intrinsically by making use of thm. |3.6| and arguments coming from 
an embedding. Next proposition treats of the case in which one blows up U a at 
orb(cr). 

Proposition 3.8 (Usual normalized blow-up at the closed point). 

Let N be a lattice of rank r, a an r-dimensional rational s.c.p. cone in JVr and 

U a = Max-Spec (C [M n er v ]) 
the associated affine toric variety with M = Homz (N,Z). Moreover, let 
Hlb M (ct v ) = {mi, . . . ,m d } , r < d, 

denote a fixed enumeration of the members of the Hilbert basis of c v w.r.t. M 



(cf. prop. 2.2). Then 



Norm 



Bl 



orb((r) 



(U a ) = X(N,A bl [orb(a)}) , 



where 

A b i [orb (cr)] := A bl 
with 

o-j ■= {y e o- | 



maximal 
ideal 



orb (er~ 



{&j 1 1 < j < d } together 
with all their faces 



„y)>0, Vi, »G{l,...,i-l,i+l,...,d}}, 



for aJi j, I < j < d. (Warning. Though the union of the above o~j's forms 
always a fan, it might happen that o~j — ay or that o~j is a proper face of ay , for 
certain distinct indices j, j' belonging to {1, . . . , d}. In this case, we just ignore the 
superfluous cones and introduce a new index-enumeration for the rest, preferably 
by considering only the maximal-dimensional ones.) 



Proof. Under the above assumptions, we may use prop. 2.4 and embed U a by 
(e (mi) , . . . , e (m^)) "minimally" into the affine complex space 



= Max- 



Spec (l 



MHa 



where 



a v := pos({mi, . . . ,mA) C ( m) , M := 1m x ® • • • © 1m d . 

\ / K 

orb(cr) is mapped onto = orb(a) £ C d , with 

? = ff VV c(iv) R , N = Hom z (M,z) ^ Z d . 
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Using the embedding N N, it is possible to describe B1™£( CT ) (U a ) as the strict 
transform of [/ CT under the usual blow-up morphism of C d at the origin (i.e. just by 
applying what we mentioned in (d) for Z — orb(er), W — U a and X = C d ). Hence, 
we obtain the following commutative diagrams of torus-equivariant holomorphic 
maps: 



Norm 



B1 orb(<r) (Ua) 



I \ 

Exc(7r| restr .) e Bllf h(a) (U a ) — Bl^ cd (C d ) 3 Exc(^) 

I TT |restr. I ^ 

orb(cr) £ U a ^ C d 3 

Since Blg ed (C d ) is realized as toric variety by the d cones of the barycentric 
subdivision of a, 

Tj :={ye5 | (rm - rrij,y} > 0, Vi, i e {1, . . . ,j - l,j + 1, . . . , d}} , l<j<d, 



(cf. 3.7 (i)), the above defined tr^'s are exactly the restrictions of tj'b on a and 



determine obviously Abi [orb (a)] as it was given initially in thm. 3.6 



□ 



(i) Resolutions of toric singularities. To resolve toric singularities is actually equiv- 
alent to subdividing simplicial cones into others of smaller multiplicity. 

Theorem 3.9 (Resolution of toric singularities. Weak version). 

If X (N, A) is an arbitrary toric variety, then there exists a refinement A of A, 
such that 

f = id, : X (N, A) — > X (N, A) 



is a (full) desingularization of X (N, A) . 

Sketch of proof. Considering the multiplicity of a simplicial cone a as a volume 
and using the well-behaved volume properties under subdivisions w.r.t. lattice 
points of Par (a) D N a , one can easily desingularize equivariantly any toric variety 
X(N,A): 

• At first we refine the cones of A in order to make it simplicial. That this is 
always possible follows basically from Caratheodory's theorem concerning convex 
polyhedral cones (cf. [[70j, p. 94; for a simple proof see also G.Ewald @, HI 2.6, 
p. 75, and V 4.2, p. 158). 

• In the second step this new simplicial A will be subdivided further into subcones 
of strictly smaller multiplicities than those of the cones of the starting-point. After 
finitely many subdivisions of this kind one can construct a refinement A' of A, so 



that / = id* gives rise to a resolution of singularities of X (N, A) (by thm. 2.17 
and prop. 2.5). □ 



If fact, for toric varieties, a single normalized blow-up of a suitable ideal sheaf is 
able to provide a full resolution. 
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Theorem 3.10 (Resolution of toric singularities. Strong version). 

If X (N, A) is an arbitrary toric variety, then there exists a Tjv -invariant coherent 
sheaf 1 of Ox(N,A)~ideals with 

Sing (X (N, A)) = supp (O x(NA) / 1) , 

such that 

Norm [Blf ing(x(JViA)) (X (N , A))j ^°i^ id * X (N, A) 

forms a (full, projective) desingularization of X(N,A). (X is in general not 
uniquely determined by this property and might contain nilpotent elements). 

Proof. See Saint-Donat |42), thm. 11, pp. 32-35, and Brylinski |I(J, pp. 273-279. □ 
4. Toric P fc -bundles over projective spaces 

This section is a brief excursus to a part of the theory of toric bundles over pro- 
jective spaces which will be used later on (in § ||) for the precise description of the 
exceptional prime divisors occuring in our desingularizations. 

(a) An equivariant holomorphic map vj* : X (N, A) — » X (N' , A') of toric vari- 
eties, induced by a map of fans w : (N, A) — » (N 1 , A') (cf. §|| (k)), can be viewed 
as the projection map of an equivariant fiber bundle (toric bundle) over X (N' , A') 
with typical fiber X (N", A"), N" = Ker(m : N — > iV'), if and only if to : iV -> N' 
is surjective and the cones of A are representable as "joins" of the cones of a fan 



A' 



and 



A" (| A" | C N^) with those of another fan A' C A, so that the supports 

A'| are homeomorphic to each other. (See Oda ]54| ], prop. 1.33, p. 58, and Ewald 
fTjJ, thm. VI. 6. 7, p. 246). In the case in which its total space is assumed to be 
smooth and compact, this criterion can be considerably simplified by means of the 
notion of "primitive collections" introduced by Batyrev |Q . 

Definition 4.1. If X (N, A) is an r-dimensional smooth, compact toric variety, 
then a non-empty subset = {rii, n 2 , . . . , n^} of Gen(A), k > 2, is defined to be 
a primitive collection if it satisfies anyone of the following equivalent conditions : 

(i) For each m 6 VI, 1 < i < k, one has 01 \ {ni} = Gen(di), for some o~i belong- 
ing to A (k — 1), while 9T itself cannot be the set of minimal generators of any 
fc-dimensional cone of A. 

(ii) For each subset of indices {ji,-..,j q } C {l,...,fc},l < q < k, the set 
{rij 1 , . . . , nj q } coincides with the set of minimal generators of a g-dimensional cone 
of A, while 01 itself cannot be the set of minimal generators of any fc-dimensional 
cone of A. 



Proposition 4.2 (Characterization of toric P^-bundles). LetX(N, A) bea 
smooth, compact toric variety of dimension r and k a positive integer < r. X (N, A) 
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is the total space of a tone V^-bundle over a smooth (r — k)-dimensional toric va- 
riety if and only if there exists a primitive collection 

91 = {m, ?i2, ■ ■ ■ , n k +i} C Gen (A) , 

such that 

(i) m + n 2 H h n k+1 = N , and 

(ii) 91 n 9? = 0, for ali primitive collections 91' C Gen(A) with 91 7^ 91'. 

Definition 4.3. Let X(iV, A) be a smooth, compact toric variety. The fan A is 
called a splitting fan if any two different primitive collections within Gen(A) have 
no common elements. 



Theorem 4.4. If A is a splitting fan, then X (N, A) is a projectivization of a 
decomposable bundle over a toric variety being associated to a splitting fan of 
smaller dimension. 

Proof. See Batyrev @], thm. 4.3, p. 577. □ 

(b) The projectivized decomposable bundles over projective spaces, having only 
twisted hyperplane bundles as summands, can be easily described as toric bun- 
dles in terms of splitting fans with exactly two disjoint primitive collections. In 
particular, applying 4.2 and 4.4, we obtain: 



Lemma 4.5. Let k and s be two positive integers, (Ai, A2, . . . , A&) a k-tuple of 
non-negative integers and AT( r . / x 1 ^ 2 \ k ) (resp. N' s ) a lattice of rank r = k + s 
(resp. of rank s) generated by 01 U 91' (resp. by 9T') where 

91 := { m,n 2 , • • • ,n fc+ i} , 91 ' := {ni,n' 2 , . . . ,n' a ,n' s+1 } 

with the two relations 

n\ + n 2 H h n k + n k+1 =0, n' 1 +n! 2 -\ h n' s+1 = Xitii H h X k n k . 

If we dehne the r- dimensional, smooth, compact toric variety 



Y (r; Ai, A 2 , . . . , Afc) :- X (N( r . XljX2 ,...,\ k ), &(r;\i,\ 2 ,...,\ k )) 



by means of the fan 



A( r .;A 1 ,A 2 ,...,A k ) 



P os((9lU91') \ {rn,^}) , 

for all e {1, ...,k + 1} x {l,...,s + 1}, 

together with all their faces 
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then it is isomorphic to the total space of the V^-bundlc 

Y (r; Ai, A 2 , . . . , Afe) S P (O^ © P£ (Ax) © (A 2 ) © • ■ • © (A*)) P£ 

overP* = X(N' S , A'J , with 

f pos(W\{n;-}) in (N' S ) M , ' 
:= ^ for all j e {1, . . .,s + 1} , 
[ together with all their faces 

Proof. By construction, *Xt and ' are the only primitive collections within 
Gen(A( T . ; ^ l! ... j A i .)), and 'Jtn 9t ' = 0. Hence, A( r; ^ l! ... i x i .) is a splitting fan. Since 
# (Gen (A'J) = # (A' s (1)) = s + 1, the base-space of the smooth toric P£-bundle 
y (r; Ai, . . . , Afe) has to be isomorphic to P£. Finally, the decomposable bundle 
over X (N' S ,A' S ) (whose projectivization gives the total space Y (r; Ai, . . . , Afe)) is 
isomorphic to Org © Opj (Ai) © • • • © Org (Afe) because the fan corresponding to 
the typical fiber consists of cones which are the images of the cones of A' s under 
the linear map 

(N'X (N (r . Xlt .,. tXk) ) M 
sending a y' to (y', - (Aim H h ^n k + n k+1 )). □ 

Theorem 4.6 (Classification theorem of Kleinschmidt). 

Every smooth, compact r- dimensional toric variety (r > 2) with Picard number 
2, is isomorphic to one of the varieties Y (r; Ai, A 2 , . . . , Afe). 

Proof. See [@, § 2, pp. 256-261. □ 

Example 4.7 (Hirzebruch surfaces). Setting k = 1,A = Ai, and r = 2, one 

gets the rational scrolls 

F A :=r(2;A)=p(o P i©O r i(A)) 

over Pp, i.e. the so-called Hirzebruch surfaces whose topological, analytic and 
birational properties were studied in the early fifties in (32). (Certain birational 
properties of them were already investigated by Segre and Del Pezzo around the 
end of the last century in connection with other types of scrolls and ruled surfaces. 
See e.g. Segre jnj). It is well-known that all Fa's, A ^ 1, together with P^, 
exhaust the class of all minimal, smooth, rational, projective complex surfaces, 
and that ¥\ can be considered as the zero-set : 

{({z :z 1 :z 2 \,[t 1 ,h})e'P 2 cXF 1 c \ z x ■ t\ - z 2 • t\ = } (4.1) 

Fo is therefore Pj. x Pj. , Fi is isomorphic to the usual blow-up of P^ at a {Tn^. x) - 
fixed) point, and for A > 2 there exists a natural A-sheeted ramified covering 
Fa — > Fi over Fi (see p. 82). The differential-topological and diffco- 

morphism classification theory, and the deformation theory of the P^-bundlcs 
Y (k + 1; Ai, . . . , Afe) over P^ were developed in Brieskorn's work |tJ in the six- 
ties. (For another, purely geometric approach to the theory of rational scrolls over 
P£, see Reid @). 
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Generalizing the embedding (4.1) for arbitrary fc and s, one obtains 



Proposition 4.8 (Bihomogeneous binomial representation). The toric va- 
riety Y (r; Ai, . . . , Afc) is embeddable into the projective space P^ 1 ^ x P^.; in fact, 
if 

{ z 0, z 2,l, ■ ■ ■ , z s+l,li z l,2, ■ ■ ■ , z s+l,2, ■ ■ ■ , z l,k, ■ ■ ■ , z s+l,k] *l)*2i • • • i t s +l} 

denote bihomogeneous coordinates, it is representable as the zero-set 



t Xi —7 • t Xi — f) 

V AM v 



for all triples (/i, z/, j) with 

1 < i < fc, 1 < fi, v < s + 1, fJ> ^ u 



It is possible to embed these, sometimes called Hirzebruch- Kleins chmidt varieties, 
Y (r; Ax, • • • , A&), into a single projective space by using the Segre-embedding 

P^ +1)fc x F s c ^ p(,( s + 1 ) fe + 1 )( s + 1 )- 1 

but as it was proved by Ewald and Schmeinck in [Q, this can be done in a 
more economical way (w.r.t. the degrees of the defining homogeneous binomi- 
als), namely by only considering quadrics within a suitably higher dimensional 
projective space. 

Theorem 4.9 (Representation by quadrics). 

The toric varieties Y (r; Ax, ■ • • , Afe) are embeddable into the projective space P^ 
of dimension 

/ \ l +r-k + P 



d = r - fc + ^ 



r 



fc 



(depending on Xi's) and their defining ideals (w.r.t. homogeneous coordinates 
{zq, z\, . . . , Zd] of Pp) are generated by the quadratic binomials 

Z V-L Z V<2 Z V$ Z V^ , 

for all (vi,V2,v- i ,v i ) e ({0, l,...,d}) . 

(c) The intersection theory on the varieties Y (r; Ax, . . . , A&) is more complicated 
compared with that on Fa's. For example, although for s = 1, the Chern numbers 
of the total spaces of these P^-bundles over Pj, for fixed dimension r = fc + 1 are 
constant (cf. Brieskorn 0, Satz 2.4. (ii), p. 348), this is no more true for decom- 
posable P^-bundles over P^ with s > 2, because there is an obvious dependence on 
Ai's, i.e. on the given "twisting numbers". On the other hand, the isomorphism 
for the Picard group 

Pic (Y (r; Ax, . . . , A fe )) = Pic (¥ s c ) xZ = ZxZ 

is in general valid (cf. p7j , Ex. 7.9, p. 170), and is useful as long as one makes a 
specific choice of a Z-basis and expresses each member of any examined r-tuple of 
divisors as concrete Z-linear combinations of its two elements. (The most natural 
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choice is to consider the classes in Pic corresponding to a typical fiber of the bundle 
map an d to a hyperplane section under the embedding of Y (r; Ai, . . . , A&) in Pjji 



of thm. 4.9, respectively). Let us now give, in broad outline, three complementary 



practical methods for the computation of intersection numbers. 

• First method. For arbitrary k and s > 1, there exist two towers of birational 
morphisms 

!{>«— *2< *—Y v ^*— Y V = W^ 

II I 
Y{r;X 1: ...,X k ) 

I 



I 

Wi 

I 

Wo =P£ 

which are nothing but usual toric blow-ups with toric subvarieties of codimension 
> 2 as centers. (For the precise description of this procedure in terms of con- 
vex geometry, i.e. via barycentric stellar subdivisions of cones of A^ r .\ 1 x 2 ,....A fc ), 
and the algorithmic determination of is, jJL > 0, the reader is referred to Klein- 
schmidt p4| , pp. 264-265). So the evaluation of intersection numbers of divisors 
on Y (r; Ai, . . . , A&) can be reduced to another one w.r.t. divisors sitting on P£. 
The problem here is that one blows up and down subvarieties of varying dimen- 
sions and must therefore control carefully the intersection behaviour of the proper 
transforms of divisors in each step. The simplest example is Y (r; 1) (with k = 1, 
r = s + 1) which is P£ blown up at a (T^^^-fixed) point (with v = 0, ji = 1); but, 
for instance, already Y (3; 2) is the blow-up of Pjl along an entire (T W ( 3 . 2 )-fixed) 
curve followed by the contraction of another (T/v(3 ; 2)-fixed) curve (i.e., v = ji = 1, 
in this case). 

• Second method. This method can be applied to any projective toric variety (or 
even to any compact toric variety), but demands familiarity with mixed volumes 
of "virtual" lattice polytopes. (Virtual polytopes are defined to be finite families 
of suitably translated dual cones of cones of a given fan, which are equipped with 
a Z-module structure w.r.t. formal addition and scalar multiplication, though 
their intersection might be not a polytope in the usual sence). If all the line 
bundles, being associated to the Cartier divisors whose intersection number is 
to be computed, are generated by their global sections (in other words, if the 



corresponding integral support functions are upper convex, cf. thm. 2.11), then 



we may apply formula (2.6) and evaluate the normalized mixed volumes of the 
arising lattice polytopes w.r.t. the dual lattice. For arbitrary Cartier divisors, 
however, we need the combinatorial version of "moving lemma" , i.e., to write down 
each of their associated support functions as the difference of two upper convex 
(or even strictly upper convex) support functions, and to calculate afterwards the 
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desired intersection numbers as the mixed volume of the difference of two virtual 
polytopes. (See in Ewald's book 0, thm. V. 5. 15, pp. 175-177, and thm. VII. 6.3, 
pp. 292-295. For an intrinsic, algorithmic characterization of moving lemma of 
this kind, we refer to Wessels' thesis [|l], Satz 3.2.4, p. 83, and 3.2.18, p. 89. 
In contrast to fl7|| , he works directly with "generalized" mixed volumes of virtual 
polytopes the normalizations of which take integer, but not necessarily only non- 
negative values). A simple example: the self- intersection number of the canonical 
divisor of Y (3; 2). Since Y (3; 2) is a Fano 3-fold, — Ky(3-,2) is ample, and it is easy 
to verify that the lattice 3-polytope P_k y(32) (3-polytope, in the usual sence), 
induced by the anticanonical integral strictly upper convex support function, can 
be realized (up to an affine integral transformation) by 



p -k YI3 , 2 , = conv 




C 



i.e., by the polar of a lattice bypiramid over a triangle or, equivalently, by a 
triangular lattice prism. Fig. 3 shows --P-jc y(3 . 2) . 
An immediate calculation gives 



Vol (P_ 



f ^Y(3;2) = - (-K Y (3;2)) 3 = "62 



(by formula fl2.5Q) 



• Third method. If £ is a locally free sheaf with q = rk(£) defined over a smooth 
projective complex variety Z and 

tt :¥(£) = Proj (Sym* (£)) — ► Z 

the associated projective bundle, then by Grothendieck's direct construction of 
the Chern classes of £ , 

Cl (£)eA l (Z), i€{0,l,. ..,«}, 
i.e., by setting cq (£) = 1 and 



£ (-1)* n*c t (£)-[Ei- l }=0 



(4.2) 



(cf. Hartshorne j27|, p. 429, or Fulton ||, 3.2.4, p. 55), the Chow ring A* (P (£)) 
can be viewed as a free A' (Z)-module generated by the classes [1], [E], . . ., [P 9_1 ] , 
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where here E denotes the divisor on P (£ ) corresponding to 0p(£) (1). The rela- 
tionship between the Chern polynomial of the tangent bundle of P (£) and that of 
the pullback of the tangent bundle of Z follows from the relative tangent bundle 
exact sequence (see Fulton |22|], 3.2.11, p. 59). In particular, computing the first 
Chern class, we deduce the canonical bundle formula : 

K v{£) ~ tt* (K z + det (£)) - qE (4.3) 

lin 



The equation Q4J) for Z = P s c and £ = £> Pg © Opj (A x ) © • • • © Cp= (A fe ) turns out 
to be a quite powerful tool for manipulating intersection numbers. In the next 
proposition we compute two basic self- intersection numbers for Y(s + l;X) (as 
P^-bundle over P^) which will be used in § |[ and leave to the reader as exercise 
to examine further (and more general) examples of various r-tuples of divisors by 
applying the above mentioned methods. 

Proposition 4.10. For k = 1, r = s+ 1, X% = A ^ 0, the self-intersection number 
of the canonical divisor of the total space of the V^-bundle Y (s + 1; A) — * P^ is 
given by the formula 



K r{r;X) = zZ (■) AM ~' ( 4 - 4 ) 



Moreover, the self-intersection number of the divisor E = V (pos ({ri2})) (in the 
notation of |4.5| ) equals 

E r = X'- 1 (4.5) 

Proof. For Z = P£, £ = £> P = © C P£ (A), and H a divisor of P (£) associated to the 
pullback 7r*ci (£), we have 

E-(E- XH) =E 2 - X(H -E)=0 (4.6) 



(by & c 2 (£) = 0) and 

H r = 0, (fT -1 -E) =1 (4.7) 
(by definition). Furthermore, by the canonical bundle formula (|4.3|), 



K Y (r;X) ~ tt* (ifip» + det (£)) - 2E (s + 1) H + XH - 2E = (X - r) H - 2E . 

lin c lin 

For the self-intersection number we get 

K Y( r;X) =((X-r)H- 2E) r = ]T h (-2) M (X - rf (W ■ E^) (4.8) 



i=0 



(by the first of equations (4.7)), and applying successively fll.q ) and the second of 
the equations flt.7|), 



(W ■ E r - 1 ) = (H l ■ (XH) ■ E' M ' L ) = I IT ■ (XHY ■ E 

h 1 ■ (xh)^ 1 ■ e) = x 7 - 1 - 1 (iT- 1 • e) = y- 1 - 1 
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Thus, formula (4.4) follows directly from (4.8). Finally, ( |4.5| ) is proved similarly 
via (jyj) and flLTp. □ 



5. Toric description of abelian quotient singularities 

Abclian quotient singularities can be investigated by means of the theory of toric 
varieties in a direct manner. If G is a finite subgroup of GL(r, C), then (C*)' /G 
is automatically an algebraic torus embedded in C r /G. 

Notation. We shall henceforth use the following extra notation. For v G N, fi G Z, 
we denote by [fi] the (uniquely determined) integer for which 

< [mL < v -> M = (mod i/) . 

If q G Q, we define |_<zj to be the greatest integer number < q. "gcd" will be ab- 
breviation for greatest common divisor, and diag(3i, . . . , g r ) for complex diagonal 
r x r matrices having 31, . . . ,3 r as diagonal elements. Furthermore, for integers 
v > 2, we denote by := e 5 the "first" z/-th primitive root of unity. 

(a) Let G be a finite subgroup of GL(r, C) which is small, i.e. with no pseudore- 
flections, acting linearly on C, and p : C r — > C r /G the quotient map. Denote by 
(C r /G, [0]) the (germ of the) corresponding quotient singularity with [0] := p (0). 

Proposition 5.1 (Singular locus). If G is a small Unite subgroup of GL(r, C), 
then 

Sing (C r /G)=p ({zeC | G z ^{Id}}) 
where G z := {g G G \ g ■ z = z} is the isotropy group of z = (zi, . . . , z r ) G C r . 

Theorem 5.2 (Prill's group-theoretic isomorphism criterion). LetG%, G2 
be two smal/ fjnite subgroups of GL(r, C). Then there exists an analytic isomor- 
phism 

(C r /Gx, [0]) a (C r /G a , [0]) 
if and on7y if Gi and G2 are conjugate to each other within GL(r, C). 

Proof. See Prill |§, thm. 2, p. 382, and Brieskorn §, Satz 2.3, p. 341. □ 

(b) Let G be a finite, small, abelian subgroup of GL(r, C), r > 2, having order 
l=\G\> 2. Define 

{ ei = (l,0,...,0,0) T ,...,e r = (0,0,...,0,l) T } 

to denote the standard basis of 27, No := X)I=i the standard lattice, Mo its 
dual, and 

Tiv Max-Spec (Cfrf 1 ,...,^ 1 ]) = (C*) r . 
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Clearly, 



T Ng := Max-Spec (C 



is an r-dimensional algebraic torus with 1-parameter group N G and with group of 
characters M G . Using the exponential map 

(JVo)b 3 (Vi, ■ ■ ■ , VrV = y ^ exp (y) := ( e ( 2 ^)^ , . . . , e (W=r)»r) T e TjVq 
and the injection i : T/v <^-» GL(r, C) defined by 

T Na 3 (ii,...,i r ) T =t — t(t) :=diag (*!,..., tr) € GL(r,C) , 
we have obviously 

iV G = (to exp) -1 (G) ( and determinant dot (N G ) = y ) 

(as long as we choose eigencoordinates to diagonalize the action of the elements 
of G on C r ) with 



M G = jm e M 
• If we define 



1 • • • Pr r is a G-invariant 
Laurent monomial (m = (/x^ . . . , /i r ) ) 



(and det (M G ) = I). 



cr := pos({ei, ..,e r }) 



to be the r-dimensional positive orthant, and A G to be the fan 



A G := {<Jq together with its faces} 



then by the exact sequence 

-> G £* Nq/Nq - T No -^T Na ^0 
induced by the canonical duality pairing 

M /M G x N G /N Q -> Q/Z C* 

(cf. |^3| , p. 34, and H], pp. 22-23), we get as projection map 

C r =X(7V ,A G ) -^X(iV G ,A G ) , 

where 
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• Formally, we identify [0] with orb(ao) . M oreover, in these terms, the singular 
locus of X (N G , Aq) can be written (by 5.1 and 2.5) as the union 



Sing (X (N G , A G )) = orb (cx ) U (iJ { U °* ( r ) 



r ^ ctoi dim (r) > 2 
and mult (r; N G ) > 2 



• In particular, if the acting group G is cyclic, then, fixing diagonalization of the 
action on C r , we may assume that G is generated by the element 

dia g (cr,...,c) 

for r integers a\, . . . , a r G {0, 1, — 1}, at least 2 of which arc ^ 0. This 
r-tuplc (ai, . . . , a r ) of weights is unique only up to the usual conjugacy relations 
(see 5.5 below), and N G is to be identified with the so-called lattice of weights 



n g = n + : 



(ai 



,a r ) J 



containing all lattice points representing the elements of 



G 



{diag (C| AQ1] ', . 



A e Z, < A < I - l| 



Definition 5.3. Under these conditions, we say that the quotient singularity 
(X (N Gl A G ) , orb (do)) is of type 



- (ai,...,a r ) 



(5.1) 



(This is identical with the definition given in § 4.2, p. 370, up to the prede- 
terminated fixing of the primitive root C; of unity to be the "first" one. In fact, 
this extra assumption is not a significant restriction, and by fixing in advance the 
isomorphism G = N G /N one just simplifies certain technical arguments. Even 
if we would let denote an arbitrary primitive root of unity, all results would 
remain the same up to an obvious multiplication of the exponents of the diagonal- 
ized elements of G by a suitable integer which would be relatively prime to I; see 
also the comments in [El), at the top of p. 225.) 

• The existence of torus-equivariant resolutions of cyclic quotient singularities was 
prove d by Ehlers E^j, § 1.3 & III. 1-3, along the same lines as the more general the- 
orem i.e., by appropriate subdivisions of o-q into smaller cones of multiplicity 
1. (Essentially the same result, expressed in the past language of gluings of affinc 
pieces, is due to Fujiki |pl| , § 1.3). 

• Note that, since G is small, gcd(/, ai, . . . , c7i, . . . , a r ) = 1, for all i, 1 < i < r. 
(The symbol Si means here that on is omitted.) 
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Lemma 5.4. (i) A cyclic quotient singularity of type (5.1) has splitting codimen- 
sion >c € {2, . . . , r — 1} if and onfy if there exists an index-subset 



such that 



{vi,V2, ■■■,v r -> c } C {l,...,r} 



= 



which is, in addition, maximal w.r.t. this property. 

(ii) A cyclic quotient msc- singularity of type (5.1) is isolated if and only if 

gcd I) — 1, Mi, 1 < i < r . 
Proof. It is immediate by the way we let G act on C. □ 
(c) For two integers I, r > 2, we define 

Ad,,) - {(*,_,*) e {o,i,w-ir 

and for ((ai, . . . , a r ) , (ai, . . . , ct' r )) G A (i; r) x A (Z; r) the relation 



(ai, . . . ,a r ) ^ (a'i, ...,o4) 



there exists a permutation 
6:{l,...,r}^{l,...,r} 
and an integer A, 1 < A < I — 1, 
with gcd (A, i) = 1, such that 



= [A • aj]; , Vi, 1 < i < 



It is easy to see that ^ is an equivalence relation on A (I; r) x A (Z; r). 

Corollary 5.5 (Isomorphism criterion for cyclic acting groups). 

Let G, G' be two small, cyclic finite subgroups of GL(r, C) acting on C r , and let the 
corresponding quotient singularities be of type j (ai, . . . , ce r ) and h (ai, . . . ,a' r ) 
respectively. Then there exists an analytic (torus-equivariant) isomorphism 

(X(iV G ,A G ),orb(a )) S (X(iV G ,, A G ,) ,orb(<7 )) 

if and only if I = V and (ai, . . . , a r ) ^ (ai, . . . , ct' r ) within A (Z; r). 

Proof. It follows easily from [5^ (cf. Fujiki |2]] |, lemma 2, p. 296). □ 

Proposition 5.6 (Gorenstein-condition). 

Let (C' r /G, [0]) = (X (Nq, A g ) , orb (uo)) be an abelian quotient singularity. Then 
the following conditions are equivalent : 

(i) X (N G , A G ) = U aa = C r /G is Gorenstein, 

(ii) Gc SL(r,C), 

(hi) ((1, 1, . . . .1, 1) ,n) > 1, for all n, nGa n (N G \ {0}), 
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(iv) (X (Nq, Aq) , orb (oo)) is a canonical singularity of index 1. 

In particular, if (C/G, [0]) is cyclic of type j (ai, . . . , a r ), then (i)-(iv) are equiv- 
alent to 



i=i 



(mod /) 



Proof. See Watanabe J7g and Reid |59| 



□ 



• If X (ATq, Ag) is Gorenstein, then the cone cto = pos ($g) is supported by the 
so-called junior lattice simplex 



s G = conv({ei, ..,e r }) 



(w.r.t. Nq, cf. Note that up to there is no other lattice point of 

(To fl Ng lying "under" the affine hyperplane of E r containing sq- Moreover, the 
lattice points representing the I — 1 non-trivial group elements are exactly those 
belonging to the intersection of a dilation Xsg of Sg with Par(ero), for some 
integer A, 1 < A < r — 1. 



6. Lattice triangulations and crepant projective resolutions 
of Gorenstein abelian quotient singularities 

In this section we briefly formulate (and only partially prove) some general theo- 
rems concerning the study of projective, crepant resolutions of Gorenstein abelian 
quotient singularities in terms of appropriate lattice triangulations of the junior 
simplex. (For detailed expositions we refer to fPH , |@)- Diagrams and formulae 
in boxes outline actually the only essential prerequisites for the reading of the rest 
of the paper. 

(a) By vert(iS) we denote the set of vertices of a polyhedral complex S. By a trian- 
gulation T of a polyhedral complex S we mean a geometric simplicial subdivision 
of S with vert(<S) C vert(T). A polytope P will be, as usual, identified with the 
polyhedral complex consisting of P itself together with all its faces. 

(b) A triangulation T of an r-dimensional polyhedral complex S is called coherent 
(or regular) if there exists a strictly upper convex T-support function %j> : \T\ — > K, 
i.e. a piecewise-linear real function defined on the underlying space \T\ of T, for 
which 

ip(tx+(l-t) y)>tip(x) + (l-t) V (y) , for all x, y e \T\ , and t € [0, 1] , 

so that for every maximal simplex s of T, there is a linear function n s : |s| -^R 
satisfying ip (x) < ?7 S (x), for all x 6 \T\, with equality being valid only for those 
x belonging to s. The set of all strictly upper convex T-support functions will be 
denoted by SUCSFr (T). A useful lemma to create a new "global" strictly upper 
convex support function by gluing together given "local" ones, is the following : 



4G 



Lemma 6.1 (Patching Lemma). Let P C K 1 * be ar-polytope, T = {s^ | i 6 7} 
(with I a finite set) a coherent triangulation of P, and % = {s^j | j G Jj} (J^ fi- 
nite, for aii i E I) a coherent triangulation of Sj, for all i E I. If : \%\ — > R 
denote strictly upper convex %-support functions, such that 



ipi | Si n Sj/ — V'i' | si n Sj/ 



for aii («, i') £ I X I, then 

T := {all the simplices s<j | Vj, j G Ji, and Vi, i 6 /} 

forms a coherent triangulation of the initial polytope P (because the above ip i 's can 
be canonically "patched together" to construct an element ip of SUCSFr (^J). 

Proof. See Bruns-Gubeladge-Trung ||, lemma 2.2.2, pp. 143-145. □ 

(c) Let N denote an r-dimensional lattice. By a lattice polytope (w.r.t. N) is 
meant a polytope in N&= K r with vertices belonging to N. If {no, n±, . . . , n^} is a 
set of k < r affinely independent lattice points, s the lattice fc-dimensional simplex 
s = conv({rto, n\, n2, ■ ■ ■ , and N s := lin({ni — no, ■ . ■ , — no}) fl N, then 
• we say that s is an elementary simplex if 

{y - n a | y e s } n 7V S = {0, m - n , . . . , n k - no} . 



• s is basic if it has anyone of the following equivalent properties: 

(i) {ni — no, n2 — no, ■ ■ ■ , n k — no} is a Z-basis of N s , 

(ii) s has relative volume Volfs; N s ) = t—t^-t = 77 (w.r.t. N s ) . 

det \N S ) k\ 

Lemma 6.2. (i) Every basic lattice simplex is elementary. 
(ii) Elementary lattice simplices of dimension < 2 are basic. 

Proof, (i) Let s = conv({no,ni, . . . ,nfc}) be a basic lattice simplex. Since 

{ni - n , n 2 - n , . . . , n k ~ n } 

is a Z-basis of JV S , if n' £ s(~l (N s \ {0}), then obviously n' = rii for some index 
i, 1 < i < k. Thus, 

{y - n I y G s } n iV s = {0, m - n , . . . , n k - n } . 



(ii) The relative volume of an elementary lattice 1-simplex (resp. of an elementary 
lattice 2-simplex) is always equal to 1 (resp. equal to 1/2). □ 
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Example 6.3. The lattice r-simplcx 

s = conv ({0, ei, e 2 , • . • , e r _ 2 , e r _i, (1,1,..., 1, 1, 2) T }) C M r , r > 3, 

(w.r.t. Z r ) serves as example of an elementary but non-basic simplex because 
s fl 1 r = vert(s) and 

r!Vol(s;Z r ) = |dct ( ei , . . . , e r _i, (1, 1, . . . , 1, 1, 2) T )| = 2^1. 

Definition 6.4. A triangulation T of a lattice polytope P C N®. = M. r (w.r.t. 
N) is called lattice triangulation if vert(P) C vert(T) C N. The set of all lattice 
triangulations of a lattice polytope P (w.r.t. N) will be denoted by LTRjy (P). 

Definition 6.5. A lattice triangulation T of P C Ar = M. r (w.r.t. N) is called 
maximal triangulation if vert(T) = N fl P. A lattice triangulation T of P is 
obviously maximal if and only if each simplex s of T is elementary. A lattice 
triangulation T of P is said to be basic if T consists of exclusively basic simplices. 
We define : 

LTR™ ax (P) := {T e LTRat (P) T is a maximal triangulation of P} , 
LTR basic . = | T e LXR max ^ | 7- j s a basic triangulation of P} . 

(Moreover, adding the prefix Coh- to anyone of the above sets, we shall mean the 
subsets of their elements which are coherent). The hierarchy of lattice triangula- 
tions of a P (as above) is given by the following inclusion-diagram: 



LTRba SiC (p) 


C LTR™ ax (P) 


C LTR W (P) 


u 


u 


u 


Coh-LTR^ asic (P) 


C Coh-LTR^ ax (P) 


C Coh-LTRjy (P) 



Proposition 6.6. For any lattice polytope P C N&. — R r (w.r.t. N) the set of 
maximal coherent triangulations Coh-LTR^ ax (P) C Coh-LTRAr (P) of P 
is non-empty. 

Proof. Consider a s.c.p. cone supported by P in M r+1 , and then make use of f55j, 
cor. 3.8, p. 394. □ 

Remark 6.7. (i) Already in dimension r = 2, there are lots of examples of P's 
with 

LTR basic (p) x Coh-LTR^ (P) ^ . 

See, for instance, F]a below. 
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(ii) In addition, for lattice polytopcs P, LTR^f slc (P) ^ does not imply neces- 
sarily 

Coh-LTR^ asic (P) ^ . 

As it was proved recently by Hibi and Ohsugi [^9| , there exists a 9-dimensional 
0/1-polytope (with 15 vertices) possessing basic triangulations but no coherent 
and basic ones. 



(d) To pass from triangulations to desingularizations we need to introduce some 
extra notation. 



Definition 6.8. Let (X (iV G , Ag) , orb (co)) be an r-dimensional abelian Goren- 
stein quotient singularity (r > 2), and s G the (r — l)-dimcnsional junior simplex. 
For any simplex s of a lattice triangulation T of Sg let <t s denote the s.c.p. cone 

<r s := {Ay e {N G ) R | A G M>o , y G s } (= pos(s) within {N G ) R ) 

supporting s. We define the fan 

Aj(T) :={a s | seT} 

of s.c.p. cones in (iV G ) R — an d 



PCDES(X(JV G ,A G )) := 



PCDES 1 



(X (N G ,A G )) 



CDES (X (JV G ,A G )) 



partial crepant T^-equi variant 
desingularizations of X (iV G , A G ) 
with overlying spaces having 
at most (Q-factorial) canonical 
singularities (of index 1) 

partial crepant T/v G -equivariant 
desingularizations of X (iV G , A G ) 
with overlying spaces having 
at most (Q-factorial) terminal 
singularities (of index 1) 

crepant Tjv G -equivariant (full) 
desingularizations of X (iV G , A G ) 



(Whenever we put the prefix QP- in the front of anyone of them, we shall mean 
the corresponding subsets of them consisting of those desingularizations whose 
overlying spaces are quasiprojective.) 



Theorem 6.9 (Desingularizing by triangulations). 
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Let (X (Nq, A g ) ,orb(<7o)) be an r -dimensional abelian Gorenstein quotient sin- 
gularity (r > 2). Then there exist one-to-one correspondences : 



j-^rj-i j^basic 


(«g) 


A CDES(X(7V G ,A G )) 


n 




n 


LTR^ X 




PCDES max (X(iV G ,A G )) 


n 




n 


LTRat g 


(*g) 


PCDES(X(iV G ,A G )) 



as well as 



Coh-LTR^ ic (s G ) 

n 

Coh-LTR^ x (s G ) 

n 

Coh-LTR WG (s G ) 



£U QP-CDES(X(iV G ,A G )) 

n 

3i* QP-PCDES max (X(iV G , A G )) 

n 

^ QP-PCDES(X(iV G ,A G )) 



which are realized by crepant T^ G -equivariant birational morphisms of the form 

(6.1) 




induced by mapping 

T.— A^(T), A~g (T) i — > X ( Nq, A G (T) 



Sketch of proof . X (Nq, A g ) is Gorenstein and has at most rational singularities, 
i.e. canonical singularities of index 1. Moreover, its dualizing sheaf is trivial. Let 



/ = id* : X (jV G , A G ) — > X (iV G , A< 



denote an arbitrary partial desingularization. Studying either the behaviour of the 
highest rational differentials on X (iV G , (see |§, § 3, @, § 4.8, @, prop. 

3, or [[fl], prop. 4.1), or the support function associated to K X ^ N ^ (cf. ]65| , 
§ 2), one proves 



K 



X{N G , As) 



/* (J v g ,a g) ) - g «(1, ■ • • , 1) , n (<?)) - 1) D n(B) 

S6Ao(l) 



50 



where D n {g) '■— V (g) — V (pos ({n ( £>)})). Obviously, / is crepant if and only if 



Gen(A G C \ y = ( Vl , . . . ,y r Y G (JV G ), 



4=1 J 

and since the number of crepant exceptional prime divisors is independent of the 
specific choice of /, the first and second 1-1 correspondences (from below) of 
the first box are obvious by the adjunction-theoretic definition of terminal (resp. 
canonical) singularities. In particular, all T/v G -equi variant partial crepant desingu- 
larizations of X (Nq, Aq) of the form fl6.ip have overlying spaces with at most Q- 
factorial singularities, and conversely, each partial Tjv G -equivariant crepant desin- 
gularization with overlying space admitting at most Q-factorial singularities, has 
to be of this form. (Q-factoriality is here equivalent to the consideration only of 
triangulations instead of more general polyhedral subdivisions. Furthermore, by 
maximal triangulations you exhaust all the crepant exceptional prime divisors). 
The top 1-1 correspondence of the first box follows from the equivalence 



mult (<t s ; Ng) = 1 for the cone 



T 3 s is a basic simplex 



a a G Ag (T) supporting it 

It remains to prove the 1-1 correspondences of the second box. As it was explained 
in Q, § 4, for every ip G SUCSFq (n g , (T)) , the restriction tp \ T belongs to 

SUCSFr (T) , and conversely, to any support function ip 6 SUCSFr (T) , one may 
canonically assign a rational (or even an integral) strictly upper convex support 



function defined on the entire 



apply corollary 2.13 



A G (T) 



To finish the proof of the theorem we 



Remark 6.10. (i) Flops. Every pair of triangulations T x , T 2 G Coh-LTR^ x (s G ) 
gives rise to the determination of a birational morphism 



X 



(n g , A G (71)) -^x(n g , A g (T 2 )) 



which is composed of a finite number of flops (cf . fl55f , § 3) . Since all triangulations 
of Coh-LTRjv G (s G ) ar e parametrized by the vertices of the so-called secondary 
polytope of s G , this transition-map is induced by performing successively bistel- 
lar operations, i.e., by passing from the vertex of the secondary polytope of s G 
representing T\ to that one representing T<i following a (not necessarily uniquely 
determined) path which connects these two vertices. (In dimension 3 this is noth- 



ing but Danilov's theorem |13fl , cf. 7.4 (vi) below). For detailed presentations of the 
theory of secondary polytopes we refer to the articles of Billera-Filliman-Sturmfcls 
H and Oda-Park pq] , and to the treatment of Gelfand-Kapranov-Zelevinsky p4j , 
ch. 7. 

(ii) Factorization. The birational morphisms corresponding to members of QP- 
PCDES (X (Ng, Ag)) can be decomposed into more elementary toric contrac- 
tions by Reid's toric version of "MMP" (pOfl, (0.2)-(0.3)). In several cases these 
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contractions can be directly interpreted as inversed (normalized) blow-ups. For 
concrete examples see rem. 1J1 and § ^| below. 

(iii) Exceptional divisors. Each irreducible component of an exceptional divisor 
w.r.t. an / = /r (as above) is a Q-Cartier prime divisor which carries itself the 
structure of an (r — l)-dimcnsional toric variety determined by the corresponding 
star within Ag (T) (cf. above § (f), (ii)). An exceptional prime divisor is 
compact if and only if the lattice point representing it belongs to int(<7o) (see thm. 
ID- 



Theorem 6.11 (Number-theoretic version of McKay correspondence). 

Let (X (Nq, Ag) , orb (ctq)) be an abelian Gorenstein quotient singularity of di- 



mension r > 2, 



/ = id, : X (n g , A g )^X (N g , A g ) 



a Tjv G -equi variant crepant, full resolution and F : = / 1 ([0]) the central fiber over 
the origin [0] = orb(<7o) : 

F = U ee A^ ( i) {D n (e) \n(g)eint(a )riN G }u 

U (U {y W) | o G \J r i=2 ^5 (<) , mt (a) C int (a ) }) . 

Then F is a strong deformation retract of X (^Ng, Ag^ , and only the even coho- 

mology groups of F are non-trivial. Their dimensions (over Q) are given by the 
formulae : 





' 1 


, if i = 


dim Q if 2 *(F;Q) = < 


# ((is G ) nPar(a ) niV G ) 


, if 1 < % < r - 1 







, otherwise 



(6.2) 



In particular, the topological Euler-Poincare characteristic of X ( Ng, Ag ) equals: 

(6.3) 



X 



(x (n g> Ag)) = X (F) = l = \G\ 



Obviously, the numbers (6.2), ( |6.3| ) are independent of the choice of triangulations 
T of Sg by means of which we construct Aq (= Ag (T)j (cf. (6.1)). 



Proof. See Batyrev-Dais |3J, thm. 5.4, p. 910, and 12 for further comments. □ 
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Corollary 6.12. If (C r /G, [0]) = (X (N G) A G ) , orb (ct q )) is a Gorenstein cyclic 
quotient singularity of type j (oti, . . . , av), then, maintaining the above notation 
and assumption, we obtain 



(6.4) 




Remark 6.13. The numbers of the right hand side of (5.2) and (6^4) make sence, 
even without assuming the existence of a Tjv„-equi variant crepant, full desingu- 
larization of X (Nq, Aq), and were used in j| as the "correctional terms" for 
introducing the formal definition of the so-called string-theoretic Hodge numbers 
of Calabi-Yau varieties (or, more general, of Gorenstein compact complex varieties) 
which have at most abelian quotient singularities. 



(e) By theorem 6.9 it is now clear that Reid's question (formulated in §[y), re- 
stricted to the category of torus-equivariant desingularizations of X (Nq,Ag), 
can be restated as follows : 

Question : For a Gorenstein abelian quotient singularity 

(X (Nq, Ag) , orb (co)) 

with junior simplex Sg , what kind of conditions on the acting group G 
would guarantee the existence of a basic, coherent triangulation of Sg? 

Though (as already mentioned in §|l|) this question will be treated explicitly in 
|l2| , we at least shall explain here how a very simple necessary existence-criterion 
works, and apply it efficiently in our special singularity-series in § |8|. 

Lemma 6.14. Let (X(Nc,Aq) , orb(ao)) be a Gorenstein abelian quotient sin- 
gularity and So the junior simplex. If Sq admits a basic triangulation T, then for 
all n 6 (Nq \ {0}) Hero there exist r lattice points n\, . . . , n r belonging to Sg HJVg 
so that 

n £ Z>o m + ••• + Z>o n r 

Proof. Since T is a basic triangulation inducing a subdivision of <To into cones of 
multiplicity 1, n belongs to a subcone a' of Co of the form 

o-'=M> niH hM>o"-r, mult (<t';Ng) = 1, 

and can be therefore written as a linear combination 

n = HiUi + ■ ■ ■ + [i r n r , ( J u i G M>o, Vi, 1 < i < r) 

Now {ni, . . . , n r } is a Z-basis of Nq, which means that n can be also written as 

n = [i^ni + • • • + fj, r n r , (^ € Z, Vi, 1 < i < r) 

By linear independence wc get ^, = /i- £ Z fl M>o = Z>o, Vi, 1 < i < r. □ 
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Theorem 6.15 (Necessary Existence- Criterion). 

Let (X (Nq, A G ) , orb (co)) be a Gorenstein abelian quotient singularity. If Sq 
admits a basic triangulation T , then 



mh No (cr ) = s G n n g 



(6.5) 



i.e. all members of the Hilbert basis of o~q have to be either "junior" elements or 
to belong to {ei, . . . , e r }. 

Proof. The inclusion "d" is always true (without any further assumption about the 
existence or non-existence of such a triangulation) and is obvious by the definition 
of Hilbert basis. Now if there were an element n G Hlbjv G (ctq) \ ( S G H Nq), then 



by lemma 6.14 this could be written as a non-negative integer linear combination 



fi r n r 



of r elements of s G H Nq- Since ^ HlbAr G (<ro), there were at least one index 
j = j, G {1, ...,r}, for which /i ■ ^ 0. If /J, ^ — 1 and ■ = for all j, 
j G {1, . . . . r} \ { j,}, then n = n j. G Bq PI A^g which would contradict our 
assumption. But even the cases in which either /i ^ = 1 and some other fi^s were 
^ 0, or /x ^ > 2, would be exluded as impossible because of the characterization 
(2.1) of the Hilbert basis Hlbjv G (<ro) as the set of additively irreducible vectors 
of o~ o n (7V G \ {0}). Hence, Hlbjv G (cr ) C s G n iV G . □ 

Remark 6.16. (i) For a long time it was expected that condition ( |6.5| ) might 
be sufficient too for the existence of a basic triangulation of Sq, and, as we shall 
see in |l2|], this is the case for some special choices of cyclic group actions on C r . 
Nevertheless, Firla and Ziegler ([[l9|, §4.2 & p0[) discovered recently the first coun- 
terexamples. Among them, the counterexample of the 4-dimensional Gorenstein 
cyclic quo tien t singularity with the smallest possible acting group-order, fulfilling 
property (6J5) and admitting no crepant, torus-equivariant resolutions, is that of 
type i (1,5,8,25). 



(ii) To apply necessary criterion 3.15 in practice, in order to exclude "candidates" 
for having crepant, torus-equivariant resolutions, one has first to determine all 
the elements of the Hilbert basis Hlbjv G (ctq) an d then to test if at least one of 
them breaks away from the junior simplex or not. From the point of view of com- 
plexity theory of algorithms, however, this procedure is in general "NP-hard" (cf. 
Henk-Weismantel [M, § 3). 



Exercise 6.17. For the singularity of type | (1,2,3,3) determine explicitly the 
Hilbert basis Hlbjv G (co) and show that it does not possess any crepant torus- 
equivariant resolution because condition ( |6.5[ ) is violated. [Hint. Verify that 
i(5,l,6,6) T GHlb WG (a )]. 
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7. Peculiarities of dimensions 2 and 3 



In the low dimensions r S {2, 3}, we have always 

CDESpf (7V G ,A G )) = PCDES max pf (7V G ,A G )) 



by lemma 3.2 (ii) and thm. p.Sj . This is exactly the lemma which fails in general 
if r > 4, and makes the high dimensions so exciting (cf. |6.3| ). However, low 
dimensional Gorenstein abelian quotient singularities are still valuable as testing 
ground for lots of interesting, related problems and pave the way to systematic 
generalizations. 

(a) In dimension 2 we meet only the "classical" ^4/_i-singularities (i.e. cyclic 
quotient singularities of type 1/1(1,1 — 1)). 

Lemma 7.1. All 2-dimensional Gorenstein abelian quotient singularities 

(X (AT G ,A G ),orb(a )) 
are cyclic of type j (1, 1 — 1) (with I > 2). They admit a unique projective crepant 



(= minimal) resolution fl6.l|) induced by the triangulation 



T 



({y (i-l,/-(i-l)) T , \ (i,/-i) T l) \ l<j<l 



and the I — 1 exceptional prime divisors 
Di := 



r-=V\pos((j (i,Z-i) T |jV l<j<l-l, 



are smooth rational curves having intersection numbers 

, if K-i| = i 

, if i = 3 

, if >2 

for all 1 < i < j < I — 1. 




Remark 7.2. Obviously, the subdivision of (To into I cones of multiplicity 1 in- 
duced by the above T can be done successively in k "steps" , with 1 < k < I — 1 , 
i.e., by drawing in k steps the I — 1 required rays in any order you would wish. 
(The possibility of drawing more than one rays in a step is not excluded). Such 
a procedure gives rise to decomposing the full desingularization into a series of 
partial ones. It should nevertheless be stressed that starting-points of different se- 
ries of choices correspond to blow-ups of different ideal sheaves X with orb(<7o) = 
supp(O(7< 70 / i). (Note that in dimension 2 we do not need extra normalizations). 
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Consequently, there are lots of factorizations of the crepant resolution morphism 
/ = fx- Let us illustrate it by considering the example of the ^-singularity 
i (1,4). The morphism / admits of two different natural factorizations 

f = 92° 9i = hi o h 3 o h 2 o hi 

which are depicted in figures 4 and 5, respectively. 

(i) Since 

Hlb A/G K) - {mi - (5,0), m 2 = (1,1), m 3 = (0,5)} , 

using the induced embedding t : U ao C 3 of U ao — X (Nq, Aq), 

u <y = {( z i, z 2,z 3 ) G C 3 | z\ - zi z 3 = 0} , Zi = e(m,j) , Vi, 1 < i < 3, 

and proposition |3.8| , we obtain gi and g 2 coming from blowing up only maximal 
0-dimensional ideals: 

x (n g , Ag (T)) = bi^ (CT2) (m™l iao) (U ao )) Bl^ (CTo) (U ao ) ^ u ao . 

More precisely, we first subdivide (To into the three subcones a%, a 2 , <r 3 , with 
o"i = {y G ^0 I (ma -mi,y) > & (m 3 - mi,y) > 0} = pos ({(|, |) T ,e 2 }) , 

^2 = {ye a I (mi-m 2 ,y) >0& (m 3 - m 2) y) > 0} = pos ((§ , ±) T , (±, |) T ) , 

0-3 = {y G cr I (™i - m 3l y) > 0, (m 2 -m 3l y) > 0} = pos ({e l5 (|, ±) T }) . 

After that we perform again a usual blow-up, but now for the cone 172 (instead of 
<To) which contains the remaining two lattice points. 

(ii) In the second factorization, h% gives rise to a "starring" subdivision of <jq into 
only two cones 




In fact, 

hi : Bl orb ( CTo ) (£/<t ) — > U ao 

is a directed blow-up w.r.t. (4/5, 1/5) T . As Ojj„ -ideal sheaf T can be taken the 
pullback (via 1) of the ideal sheaf J = J~ supporting the z 3 -axis of C 3 , with 
J := (zi, z 2 , Zi z 3 ) (in C [zi, z 2l z 3 ]), because 

o"i = {y G <7 (m 2 - n%i,y) > and (m 3 ,y)>0}, 

& 2 = {y G (T I (mi - m 2 ,y) > and (mi + m 3 - m 2 , y) > } . 
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• Another characterization of BI^^n (U ao ) avoiding the embedding is provided 
by the following commutative diagram due to the extension of the group action 
onBl^ od (C 2 ): 

Bl- d (C 2 ) - BlJ rb(ffo) (^ )-Bl- d (C 2 )/G 

I I 

C 2 -» U ao = C 2 /G 

Clearly, our blown up space is isomorphic to the quotient of the blown up C 2 at 
the origin divided by G. For hi we proceed analogously by letting oi play the 
role of Co- Obviously, the same is valid for /13 and /14. (Comparing the above two 
factorizations, we see that the first one is "double speedy".) 



(iii) Finally, let us point out that also / = fr itself can be similarly regarded as a 
blow-up morphism 

/ : B lorb(<T ) ( U <?a) * Ucr ■ 



As 1 one may choose the pullback of J = J~ with J the ideal 

J '■= { z t, z i z 2, z\ z\, z\ z 2 Z3, z\ z%) in C[zi,z 2 ,z 3 ] 

because 
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and 



y g cr 



y e cr 



(m 2 - mi,y) > 0, 
(3m 2 - 277ii, y) > 0, 

(ma + m 3 - 2mi,y) > 0, 

(2m 3 -2m 1 ,y) > 

(mi - 7712, y) > 0, 

(2m 2 - mi,y) > 0, 
(m 3 - mi, y) > 0, 
(2m 3 - mi - m 2 , y) > 



= pos({(|, 



1 4\T 

5/ 



'3 3^T 

y5 ' 5 



) T }) 



y e cr 



y e (T 



and finally 



y e (T 



(2 mi - 3m 2 ,y) > 0, 
(mi - 2m 2 ,y) > 0, 
(m 3 - 2m 2 ,y) > 0, 
(2m 3 - 3m 2 ,y) > 

(2 mi — m 2 — 7713, y) > 
(mi - m 3 ,y) > 0, 

(2m 2 - 7713, y) > 0, 

(m 3 - 77i 2 , y) > 



(2 mi -2m 3 ,y) > 0, 
(mi + m 2 - 2m 3 ,y) > 0, 
(3m 2 - 2m 3 ,y) > 0, 
(m 2 - 7713, y) > 



= PO S ({(H)\(H) T }), 



pos({(Li) T .(U) T }) 



= pos 



4 i\ t 

5' 5, 



ei 



Exercise 7.3. To represent / as the restriction (over U aa ) of a proper birational 
morphism which comes from a single blow-up of a torus-invariant 0- dimensional 



ideal of C [zi, z 2 , z 3 ] supporting only S J7 CTo C C 3 (cf. thm. 3.1C), it is enough 
('instead of the the above J) to consider 

J = (zf , z\z 2l z\z\, zfz 2 z 3 , z\z\, z\ z 3 , z 1 z 2 z 3} z\ z 3 , Z\z"l, zf) . 

(From the point of view of toric geometry, this means that one has to find among 
the defining monomials suitable monomials involving powers of the variables z\ 
and z 3 separately, such that the corresponding order function becomes again linear 
precisely on the above five maximal cones.) 

(b) We now focus our attention to the new phenomena which arise in dimension 
three. 
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Theorem 7.4 (What happens in the "intermediate" dimension 3 ?). 

Let (<C 3 /G, [0]) = (X (Ng, Ag) , orb (er )) a 3-dimensional Gorenstein abelian quo- 
tient msc-singularity and T a maximal (and therefore basic) triangulation of the 
junior simplex sq inducing a crepant, full resolution 



f : X (n g , A^ (T)) — X (N G , A g ) • 



For any n £ vert(T), let D n denote the closure V (pos ({n})). 

(i) Ifn£ int(sG) niVc, tieii F>„ is a rational compact surface coming from (usual) 
blow-ups either of P^ or of a Hirzebruch surface Fx at Bnitely many 7jv G ( pos ({n}))- 
fixed points. 

(ii) If <9sg n (Afc \ {ei, e 2 , e 3 }) ^ 0, arid n £ conv(ej 1 ,ei J ) \ {e^e^}, with 
{11,12} C {1,2,3}, ii ^ 12, and {i 3 } = {1,2,3} \ {21,^2}, then D„ is the total 
space of a ruled hbration over the "i3-axis" of C 3 . Its fibers over the punctured 
i^-axis are isomorphic to Pj,. 

(iii) For three distinct vertices n,n' ,n" ofT, we have 



(D n -D n ,-D n „) = 



1 , if conv ({n, n' , n"}) is a 2-simplex of T 
, otherwise 



(iv) If n,n' £ vcrt(T), conv({n, n'}) is a 1-simplex of T, but no both n and n' 
belong the same face of dso, then there exist exactly two vertices rj, rj' of T, such 
that conv({n, n' , X)}), conv({n, n' , r/}) arc 2-simplices of T satisfying a Z-linear 
dependency equation of the form 

k n + k' n' + X) + tj' = 0, for some unique k, k' £ Z with k + k' = —2 (7.1) 

and 

«=(£>*• £>„/), k' = (7-2) 
Furthermore, the normal bundle of the rational intersection curve 

C = V( V os({n,n'})) 

splits into the direct sum: 

^C/X(N G ,A G{ T ) )=^C(K) ®Oc{K') (7.3) 

(v) If n £ int(sc) n Ng, then D n has self-intersection number 

Dl = 12 - # (Gen (Star (pos ({n}) , A G ))) (7.4) 

(vi) For any other maximal triangulation T' of Sq, there exists a birational mor- 
phism (isomorphism in codimension 1) 



X (n g , A^ (T)) - X (n g , A^ (T'\ 



which is a composite of finitely many elementary transformations (= simple flops) 
w.r.t. rational smooth curves. 
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Proof, (i) follows from Oda's classification of smooth com pact toric surfaces ( ]54j , 
thm. 1.28), (ii) is clea r by construction, and (iii) by (2.3). The vectorial Z-linear 
dependency equation (7.1) of (iv) with n + n' = — 2 is obvious because n, n' , t), r/ 
are "junior" elements; ( |7.2|) follows from (2A) and (7^) from the splitting principle 
of holomorphic vector bundles over C = Pj., the normal bundle exact sequence, 

and the triviality of the dualizing sheaf of X \Ng> (2")Y (7.4) in (v) can be 
proved by making use of adjunction formula, combined with Noether's formula, 
and x{p n , Dn ) 
Oda " 



prop. 



= 1. For the proof of (vi) we refer to Danilov 1 1 3 
1.30 (ii). □ 



prop. 2, or 



Remark 7.5. In dimension three one has QP-CDES (X (Nq, Aq)) ^ because 
Coh-LTR^ ic (5 G ) = Coh-LTR^ x (s G ) + 



by prop. 3.6 and thm. 5.9, Nevertheless, in contrast to what takes place in di- 
mension 2, there exist lots of examples of finite abelian subgroups G of SL(3, C) 
acting linearly on C 3 whose junior simplex Sc admits basic, non-coherent tri- 
angulations T , which in turn induce crepant, full, non-projective desingulariza- 
tions of X (Nq, Ag). A simple example of this kind comes into being by taking 
G = (Z / 4Z) x (Z / 4Z) to be defined as the abelian subroup of SL(3,C) gener- 
ated by the diagonal elements diag(£ 4 , £4, l) and diag(l, C4, C4) ■, an d T the tri- 
angulation of figure 6. T suffers from the "whirlpool- syndrome" which makes the 
application of patching lemma [O] impossible, though strictly upper convex sup- 
port functions can be defined on each of its 2-simplices. The incompatibility of 
these local strictly upper convex support functions along the intersection loci of 
1-simplices can be also explained by means of their "heights" (cf. |73|, p. 64); the 
assertion of the existence of a global upper convex support function on |T| would 
lead to a system of a finite number of inconsistent integer linear inequalities, and 
hence to a contradiction. 



Proposition 7.6 (Cohomology dimensions). 

Let (C 3 /G, [0]) = (X (Nq, Aq) , orb (<7o)) denote a ^-dimensional Gorenstein cyclic 
quotient singularity of type 1 / 1 (0:1,0:2,0:3). Then the dimensions of the non-trivial 
cohomology groups of the overlying spaces X (^Nq, Aq^ of any T^ G -equivariant 
crepant, full desingularization of X (Nq, Aq) are given by the formulae: 
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dim Q H 21 (x(N G , A g ) ;Q) = < 



, if i = 

\ (z + ]Tgcd(a,,o) -2 , if i = l 



3=1 



Proof. Since # (d (s G ) D 1V g ) = J2^=i g c d(«j, — 3, the lattice points representing 
the inverses of the remaining junior group elements (w.r.t. int(s G )) belong to 2s G , 
and 

# (s G n N G ) + # ((2s G ) n Par (a ) n N G ) = 1 — 1 



we have 



# (int (s G ) n 1V G ) = # ((2s G ) n Par (a ) D JV G ) = i h - gcd (ay, I) j 

and the above formulae follow from ( |6.2| ), ( |6.4[ ). □ 

Exercise 7.7. Generalize 
Fix a splitting of 
instead of gcd's.] 



. — , „*j prop. 7.6 for arbitrary abelian acting groups. [Hint. 

Fix a splitting of G into cyclic groups. Use denumerants of weighted partitk 



tions 



Proposition 7.8 (Uniqueness criterion in dimension 3). Up to isomorphism, 
the ^-dimensional Gorenstein abelian quotient msc-singularities (C 3 /G, [0]) = 
(X (Nq, A G ) , orb (cro)) which admit a unique (full) resolution, are cyclic of type 
either 

(i) j (1,1,1-2), l>3, or 

(ii) \ (1,2,4) 

• In case (i) there are [|J exceptional prime divisors 

Dj := V ( P os ({n« }) ) , n« := ~ (j, j, J - 2j) , 1 < j < [|J , 

al/ of whose are compact up to the last one for I even (see fig. 7 and 8). In 
particular, one has 







,if 


1 < j < liJ - 1, J > 4 


D 3 = < 




.if 


j = l ~Y-, I odd > 3 




^ PJ. xC 


,if 


j = Z even > 4 
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The "S-dimensionaF 1 41 x 141 x 141 intersection-number-matrix is determined by 



{Di • Dj ■ D k ) 



= < 





l- 


2i 




2 (t + 1) 



if i ^ 3, j ¥= k, 
if i = j = k — 1 
i = j, k-j>2 
i + 1 = j = k 
if j = k, j - i > 2 

i = j = k + (I - 1) / 2, I odd 
i = j = k = (I - 1) / 2, I odd 
i = j = k ^ I / 2, I even 
i = j = k = I / 2, I even 



if 
if 
if 
if 



for alll<i<j<k< 141 (and by tie usuaJ symmetric property of intersection 
numbers) . Moreover, the non-trivial cohomology dimensions of the desingularizing 

space equal 1, [41 and [^F\J> respectively (by prop. |7.6| ). 

• In case (ii), there are three exceptional prime divisors, namely 



D n = V (pos ({n})) , £>„/ = V (pos ({n'})) , D«« - V (pos ({n"})) , 



with 



n = i(l,2,4) T 



n' = i(2,4,l) T , n" = i(4,l,2) T , 



7 v ' ' ' ' 7 

each of which is isomorphic to ¥2 ■ They intersect each other paiwise along three 
rational curves which play interchangeably the roles of the fibers and of the 0- 
sections of the three projectivized F^-bundles ¥2 — > (see fig. 9). Obviously, in 
both cases (i) and (ii) the desingularizing birational morphism is projective (by 
prop. |6~6[ ). 

Proof. The uniqueness (up to automorphisms of aS(sc) HNg) of the triangulation 
T of Sq (inducing a unique crepant desingularization, up to isomorphism) means 
that for every 4-tuple {n\, ri2, 713, 714} of distinct elements of Sg H Nq, 



{rii, n 2 ,n 3 ,n4} C conv^n^n^,^}) 



(7.5) 



for all {Vi, i^2, ^3} C {1,2,3,4} (so that conv({ni, ri2, 713, 714}) cannot be a convex 
quadrilateral). Since 



splcod (orb (er ) ; U a 



(7.6) 



it is easy to prove that G cannot be abelian, non-cyclic. For cyclic G's acting 
on C 3 by type 1/2 (01,0:2,0:3) the uniqueness condition will be examined in two 
different cases. 



• If the cardinal number of sg H (Nq \ {e%, e2, 63}) is > 4, then ( |7.5| ) is equivalent 
to say that all points of it lie on a straight line going through precisely one of 



G2 



the vertices ei, e 3 of Sg (but, of course, # (<9sg D (A^g \ {ei, e2, 63})) € {0, 1}, 
because otherwise (7J3) would be violated). This occurs only in the case in which 
at least two of the weights ot\, a 2 , «3 are equal; but then 

(a x , a 2 , a 3 ) - (1, 1,1-2) (within A (I; 3) ) 



(check it or see lemma S.l below), and therefore (C 3 /G, [0]) must have type of the 
form (i). 

• If # (sg H (Ng \ {ei, e2, 63})) < 3, then we get the inequality 



:cd(a,,Z) -2<3 




which is valid only for 

1, > f 1/3 (1,1,1), 1/4 (1,1,2), 1/5 (1,1,3), 1 

I [ai > a2 > a3)e \ 1/5 (1,2,2), 1/6 (1,1,4), 1/7 (1,1,5), 1/7 (1,2,4) } ' 

(It suffices to assume ai+a2+«3 = because (cti, a2, (^3) ^ (i — ai, Z — Q!2, ? — a 3 ) 
within A (/; 3)). Since (1, 2, 2) ^ (1, 1, 3) within A (5; 3), we see that from the above 
7 possible types only (ii) 1/7 (1, 2, 4) is inequivalent (w.r.t. 'W) to all those of the 
form (i). The non- vertex lattice points of Sq for (C 3 /G, [0]) being of this "new" 
type (ii) satisfy obviously ( |7.5| ) and the proof is completed. 

That the |_^J exceptional prime divisors Dj have the structure given above is an 



immediate consequence of the more general thm. 8.4 of the next section which 
will be proved for all dimensions. The intersection numbers (Di ■ Dj ■ Dk) are 
computable by (fj), ( |7~| . 
• Since 



n + e 



i = 2n", n' + e 3 = 2n, n" + e 2 = 2n', 



the above assertion for the structure of the exceptional prime divisors D n , D n > , D T: 
is obvious (e.g. by |4.5|). For another proof, see Roan-Yau fl69|, pp. 272-273. □ 
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8. On the monoparametrized singularity-series 

j(l,...,l,/-(r-l)) 



This sec tion contains our main results. Motivated by 7.1 , the uniqueness crite- 
rion 7^ (i) in dimension 3, and Reid's remark p3^ , 5.4, (concerning dimension 4), 
we study the monoparametrized singularity-series of arbitrary dimension with the 
simplest possible "lattice-geometry" , i.e. those Gorenstein cyclic quotient singu- 
larities whose junior simplex encloses only lattice points lying on a single straight 
line. 

Lemma 8.1. Let (C r /G, [0]) = (X (N G , A G ) , orb (a )) be the Gorenstein cyclic 
quotient msc-singularity of type — (ai, . . . , a r ) (with I = \G\ > r > 2) for which 
at least r — 1 of its defining weights are equal. Then (in the notation of § |[ (c)) 

(ai, . . . , ct r ) ^ (1, . . . , 1, I — (r — 1)) (within A (I; r) ) . 

Proof. Using a permutation sending the r — 1 equal defining weights of the above 
singularity to the first 1 — 1 positions, we have 

(ax, . . . ,a r ) ^ ((j,, . . . a r ) 

for an integer [i, 1 < /i < I — 1. Since G contains no pseudoreflections, gcd(/z, I) = 1, 
i.e. there exists an integer u, 1 < v < / — 1, with gcd(z/, X) = 1, and A (E Z, such 
that 

i^ + AZ = l (8.1) 

Moreover, since (C/G, [0]) is Gorenstein, there must be an integer k, 1 < k < r—1, 
such that 

(r - 1) fi + a r =kI (8.2) 
Equalities (|1]) and (|J) imply 

va r = (kv+ (r - 1) A - 1) / + (I - (r - 1)) . 

Hence, 

(/i, . . . , fi, a r ) - ([uu] l ,...,[uu] l ,[i'ar] l ) = (1, . . . , 1, I - (r - 1)) 
and we are done. □ 



By the above lemma and cor. 5.5 we can obviously restrict ourselves to the study 
of singularities of type (|S.3D . 



Theorem 8.2 (Resolution by a unique projective, crepant morphism). 

Let (C r /G, [0]) = (X (Nq, Aq) , orb (cto)) be the Gorenstein cyclic quotient singu- 
larity of type 



G4 




(8.3) 



with I = |G| > r > 2. Then we Lave : 

(i) This msc- singularity is isolated if and only if gcd(^, r — 1) = 1. 

(ii) Up to afhne integral transformation, there exists a unique triangulation 

T e LTR™ X (s G ) 

inducing a unique (isomorphism class of) crepantT^-equivariant partial resolution- 
morphism 

f:X(N G ,A G (T)) -^X(N G ,A G ) 

of X (N G ,A G ) (with overlying space Q-factorial, and maximal with respect to 
non-discrepancy) . 

(iii) T e Coh-LTR^ x (s G ), i.e., f is projective. 

(iv) T 6 Coh-LTR^ IC (s G ) (in other words, f gives rise to a full projective, 
crepant desingularization) if and only if 



[J] r -ie{o,i} 



(8.4) 



(i.e., iff either I = mod(r — 1) or I = 1 mod(r — 1) .) 

(v) For I satisfying condition ( |S.4D , the dimensions of the non-trivial cohomology 
groups of the resolving space X ( N G , A G ) are given by the formulae : 



(8.5) 



r i 



dimoiiT 



for i = 



L^J , for ie{l,2, 



2} 



I L^J . for 



r - 1 



Proof, (i) This follows directly from 5.4. Note that if gcd(Z,r — 1) > 2, then 

Sing (X (N G , A G j) = U aa (pos ({ei, e 2 , . . . , e r _ 2 , e r _i})) , 

i.e. the singular locus of X (N G , A G ) — C r /G is the entire "^ r -axis" of C r . 

(ii) Let us first introduce some notation and make certain preparatory remarks. 



G5 



Define the vectors: 



n 



I 



j,j,---,j,j,\j-(l-(r-l))]i 



\ (r— l)-times 



if , 7 =0 



if JG{1,2,. ..,/-!} 



/ 



and denote by , 1 < i < r, the i-th coordinate of each , < j < I — 1 , 
within (N G ) R = R r . We have 

E ^ +1) >jZ^ ] + \ir-l)-l, Vj, 1 < i < Z - 1- 
If for some fixed j = j, £ {1, . . . , I — 1} , n ?*^ — 2, then obviously 

r 

^nf } >2, Vfc, 1 < i. < Ar < Z — 1. 

Since 



E ^' ) = 7 ((r-l)-i + [i-(/-(r-l))] ; ) 
we obtain the inclusion 

s G niV G c {ei,...,e r }uin^ 



i <i< 



r - 1 



And conversely, for all j, 1 < j < [— rjj , we have [j ■ (I — (r — = I — j ■ (r — 1), 
which means that J2l=i = 1- Thus, we get the equality 



Sg n iV G = {ei 



...,e r }U j? 



(j) 



1 < J < 



r-l 



(8.6) 



• Construction of T . At first define 

S, := {(£!,&,■■■, C- 2 ) G ({1, 2, . . • , r - 2, r - l})^ 2 | ^ < £ 2 < • • • < £ r _ 2 } , 
and 



as well as 



£(j;£i,£ 2 .--->£r-2) := { n ° e £l ,e £2 ,...,e £r 2 |, 



s(i;^i,?2»---.^r-2) : = conv(y3(j;^ 1 ,^ 2 ,...,^ r _ 2 )), 
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and 



for all j, 

1 < j < 



r - 1 



, and all r— 1 possible (r — 2) -tuples £ 2 , . . . , ^ r _ 2 ) € S r . 

All lattice points < j < , lie on a straight line of (Ng) r — R r , namely 

conv({n(°),n(L^rJ)}) 



on 



and they can be ordered canonically 
# , n« ... 



via the increasing ordering of the enumerator-superscripts (j). 

Next define the simplicial subdivision T (having support \T\ C Sq) as follows : 



r <£ 



<£ U 



all faces of 
conv (5i ast ) 



, if I = (mod (r - 1)) 
, otherwise 



where 
and 

€ := 



Blast := |n(L'- 1 iJ), ei7 e 2 , . . . ,e r _i j , 



all faces of the simplices 
s(j;£i,£ 2 ,---,£r-2) 



for all j, 1 < j < , and 

all (£i,£ 2 >--->C-2) e s r 



• T is a triangulation. The proof of the assertion that the intersection of two 
arbitrary simplices of T is either a face of both or the empty set is left as an easy 
exercise to the reader. 

• |T| = Sg, i-c, its support covers the entire junior simplex. It is straightforward 
to show that 

Vol(conv({0},s(j;e i ,e2,---,C- 2 ))) = 
1 



det(n (j ^n^e^e^,...,^ 



~ \(j-l)-(l-j(r-l))-j-(l-(j-l)(r-l))\ = ± (8.7) 



G7 



and 



Vol(conv({0},Aast)) = 



IrT' 



Thus the assertion is an immediate consequence of the equality 
Vol (conv ({0} , U {s | s simplex of T })) = 



1 1 

Hi 



r-1 



(r - 1) + [ I 



r-1 



Vol (conv({0},s G )) 



• T is a maximal triangulation. This is obvious because s G H Nq = vert(T) by 
the construction of T and (8.6). 

• T is unique. Suppose s is an arbitrary elementary (r — l)-simplex, such that 
vert(s) C Sq H Nq- Clearly, s C Sg because s G itself is non-elementary. This 
implies 

vert (s) n (s G n N G \ {ei, . . . , e r }) ± . 

Since n^'s are collinear and s elementary simplex, vert(s) contains at most 2 
consecutive lattice points among them. Hence, 

# (vert (s) n (s G nJV G \ { ei , . . . , e r })) £ {1, 2} . 



If this number equals 2, then s has to be of the form s ■ ■ ■ >£r- 2)) for some 

j e jo, . . . , LfzrrJ I an d (Cn • • • j C-2) e (^y definition). Otherwise, s possesses 

only one vertex belonging to the relative interior of s G - However, since the n^'s 
are collinear and = e r we must have / ^ Omod (r — 1) and s = -Blast- Hence, 
T is uniquely determined. 

(iii) The coherence of T will be proved by induction on the number ■ 
case in which this equals 1 is trivial. Suppose [jtzt] > 1. It is easy to check that 
the simplex 

s:= conv ei, . . . , e r _i|^ 

can be mapped by an affine integral transformation onto the junior simplex of an 
equidimensional Gorenstein cyclic quotient singularity of type 

T^-T) (l-..l.'-2(r-l)) 

with 

r-1 

By induction hypothesis and by construction we may therefore assume that the 
restriction T |s of T on s is coherent. Choose a ip <E SUCSFh (T |s ) and use the 
abbreviation 

f s(l; 1,2,. .., r-3, r- 2) , for 1 = 1 

s t := < s(l; 1,..., t-1, i + 1,..., r-1) , Vt, 2 < t < r - 2 
[ s(l; 2, 3, r-2, r-1) , for t = r - 1 



- 1 



- 1 < 



08 



Note that for each yes, and t, 1 < i < r — 1, there exists an y' G s, such that 

y' G lin(conv({e r ,y})) fls & y = (1 - 1) y' + 1 e r , for a t £ [0,1] , 

because of the convexity of S3 C Sq- Now define support functions ip L : \T | Si | — > ] 
I'.v 

One verifies easily that G SUCSFr (T | Si ) and 



sns, 



for all t, 1 < t < r — 1. Applying patching lemma 6.1, we get SUCSFr (T) ^ 
and we are done. 

• An alternative (but not directly constructive) method for showing the coherence 



of 7~, is to combine the uniqueness of T with prop. 6.6 



(iv) Since T is uniquely determined the volume formulae in (|8.7| ) and (SJj) show 
that / is a full, crepant torus-equivariant resolution- morphismif and only if [l] r -i 6 
{0, 1}. Another, more direct way, to verify that condition (|8.4j) is necessary is the 
following: 

If we assume that [ I ] 1 ^ {0, 1}, the group order I can be written as 



r-1 



(r-l) + m r -i. with m r _ie{2,...,r-2}. 



(8.9) 



Note that 



(.0 - J-(r- 1) 
n)r = 1 



I 



, Vj, i<i< 



r-l 



and that the decreasing sequence 

ni 1 ' > 71^ > • • • > n. 



(8.10) 



has minimum element 



xl^tJ) _ m 



r-l 



> 



We shall discuss the two possible cases w.r.t. the values taken by gcd(Z,r — 1) 
separately. 

I) gcd(l, r — 1) = 1. Then there exists a n G {1, . . . , I — 1}, such that 

K (I - (r - 1)) = 1 (mod Z) . 

Clearly, 

nW = i[/c(/-(r-l))] i = i<nJ L ^ J) (8.11) 



G9 



and consequently, 



k e 



r - 1 



by (3.6) and (S.10). If there were a basic triangulation of s G , then would 
not belong to HlbN G (uq) (by the equality ( |6.5| ) of thm. 6.15), but it would be 
representable as a linear combination of (at least two) elements of the Hilbert basis 
Hlbjv G (do) with positive integer coefficients. This would obviously contradict to 
( pTTl| ) because of ( p7To| ). 

II) gcd(/, i — 1) > 2. In this case, define k :—l j gcd(/, r — I). Then 

K (I - (r - 1)) = (mod Z) , 



and repeating the same argumentation for this new n 
again at a contradicting conclusion. 



as in I), we arrive 



(v) Formula (p.q) follows from ( |6.4[) . In particular, 



dimniJ 



2 7 



# {je[0,0 



nz 



L^J + i<i< 



and the proof of the theorem is completed. 



Remark 8.3. (i) To prove the necessity of condition (|8.4| ) for T to be basic, 
we preferred to make use of "Hilbert-base technology" because it is generally 
applicable to any Gorenstein abelian quotient singularity. Alternative ad hoc 
methods (for the above special situation) are either a suitable direct manipulation 
of determinants or t he use of normalized- volume-bound. According to the latter 
one, violation of (8.4) would imply for the topological Euler-Poincare characteristic 
of the overlying space: 

X (X (Nq, A g (T))) = # (A G (T) (r)) = 

= # ((r — 1) -simplices of T) = 

= L^J-(# (S r )) + l = L^ T J-(r-l) + l = 



(by (EJ) 



1<1 = \G\ 



(by 



which would be impossible for basic T by (6.3). 

(ii) In fact, if [I ] , ^ {0, 1} (which is possible only for r > 4), the only non- 
basic (r — l)-simplex of T is conv(£?i ast ). If gcd(Z, r — 1) = 1 then the toric variety 
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lying on the affine piece t/pos(Bi a>t )- Otherwise, the singular locus is not a singleton; 
more precisely, it is 1-dimensional, i.e., the corresponding quotient singularity has 
splitting codimcnsion r — 1, and can be viewed as a 1-parameter "Schar" (w crowd) 
of terminal singularities of type 



along (the sections of the normal sheaf of) the proper transform of the " axis 



The triangulated junior terahedron of the simplest example 1/5 (1, 1, 1, 2) is drawn 
in fig. 10. The "low" tetrahedron induces the classical involutional terminal sin- 
gularity of type 1/2 (1,1,1,1). 

Theorem 8.4 (Exceptional prime divisors and intersection numbers). 

Let (C r /G, [0]) = (X (N G , Ag) , orb (up)) denote the Gorenstein cyclic quotient 



(i) The exceptional locus of f : X [N G , A g (T)J -> X (N G , A G ) consists of [^J 



D 3 := D nU) = V ( r W) = X (n g ( r Cfl) ; Star ((r«; A G (T)))) , 1 < j < [^J, 



onX iVc, Ag (T) ) , with := M>o rv^' , having the following structure : 






prime divisors 







if 1 = 1 mod (r — 1) 



if Z = mod (r — 1) 
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(ii) For the (highest) intersection numbers of two consecutive exceptional prime 
divisors we get : 



{D r j - 1 .D j+1 ) = (l-(r-l)(j + l)) 
(D j .D r -l)=((r-l)j-l) r - 2 



r-1 



.12) 



and for the self-intersection numbers 



D': 



J2 C'7 1 ) (-2) r ^ 1 ((/ - (r - 1) j) rY (I - (r - 1) j) 



r-i-2 



i=0 



(8.13) 



for all j, je {l,2,...,L^J - l}, and 



(-r) 



r-1 



, if / = 1 mod (r — 1) 



(-(r-l)p 2 , if I = mod (r - 1) 



.14) 



Proof, (i) We distinguish three cases depending on the range of j and the divisi- 
bility condition on I. 

First case. Let j G |l, 2, . . . , [^rryj — l}- Obviously, there are exactly two primi- 
tive collections in Gen (Star (rW; A G (T))) , namely 

{ei + (JVg) t0) , • ■ ■ , e r _! + (JV g ) tW j } and [n^ + (N g ) t(j) , + (N g ) tW } 

having no common elements. Furthermore, 

n 0'-i) +n y+i) =2n « (n^-^ + (^V G ) r u)) + (^' +1) + (JV g ) t0) ) = 0^ o(rW)) . 

Hence, each Z?j has to be the total space of a P^-bundle over an (r — 2)-dimensional 
smooth, compact toric variety, and since Starrr^; A G is a splitting fan, it 
will be, in addition, the total space of the projectivization of a decomposable 



bundle (by prop. 4.2 and thm. 4.4). On the other hand, 

# (Gen (Star (r«; A G (T)))) = r + 1, 



which means that has Picard number 2, and has therefore to be isomorphic 
to the total space of the projectivization of a decomposable bundle of the form 
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Opr-2 CV-2 (A) over PJJ. 2 (by Kleinschmidt's classification theorem |4.6| ). For 
this reason, it suffices to determine this single twisting number A by using lemma 



4.5. It is easy to verify, that we have the Z-linear dependence-relations 

ei + e 2 + • • ■ + e r _ 2 + e r _! = ((r - 1) (j + 1) - /) n» + (I - (r - 1) j) n (j+1) 
i.e., 

r-l 

E ( e * + (^G)rO)) - ((* - - !)i) + ( N G) T w) = OiV G (rW) ■ 

Consequently, 

D,=Y(r-l;l-(r-l)j) . 
Second case. Let I = 1 mod(r — 1) and j = = ^rrr ■ Since 

(ei + (N g ) tU) ) + ■■■ + (e r _! + (JV G ) T o)) + + {N G ) T w) = Wo(t0) j , 

we have obviously Dj = P^ -1 . 

Third case. Let Z = mod(r — 1) and j = [zzrl = ~zr ■ Since ni equals 0, 
lies on the facet conv({ei, . . . , e r _i}) of Sq- This means that the star of t^> in 
Ac (T) can be written as a direct product of the form 

Star (r (i) ; A G (T)) = Star (r (i) ; A G (T) (pos (d, ., e r _i))) x (a half-line in K) 

and splits into 

X (jV G (pos (ei, .., e r _i)) ; Star ((r^; A G (T) (pos (ei, .., e r _i))))) x C 
where this first factor is isomorphic to Pc _2 because 

eH he r _i = (r-l) -n (j) . 



(D- 1 • D j+1 ) = IX- 1 \ Dj 



(ii) Since 
equals 

(V (t W + (N G ) T ( 3 + 1))) .\(.V,;(r" 'M:S 1 ar((r-l ":A, IT]))) 



we obtain 

(Dy l -D j+1 )=(l-(r-l)(j + l)Y 



73 



by (4.5). Similarly for (Dj --DJ +1 ); regarding Dj as the total space of a P^- 
bundle over P^ -2 , and making this time use of the "opposite" piec e of the affinc 
covering of its typical fiber = Pg, we get the second formula of ( S.12 ) by restricting 

jyr-l ™ 



'j'+l 



D, = X 



N G (r^) ; Star((VW;A G (T) 



and by (|4.5| ) after sign-change (i.e., after having identified V (r^ +1 ^ + (Na) T u 
with the divisor on Dj whose associated line bundle is 0£>. (—!))• 



On the other hand, u: 
gives 



x(n g A g (T)) - °X(N G ,A G (T)) 



and the adjunction formula 



u Dj ^ ^x(N G ,A B {T)) ® °i(jv G ,A c (r)) - ^ - ^/x(jv g ,a g (T)) 



where N d ./ x (ng a g (T)) denotes the normal sheaf of Dj in X ^ATq, Ac; (T) 
Hence, evaluating the highest power of the first Chern class of this sheaf at the 
fundamental cycle [Dj] of Dj, we obtain for the self-intersection number : 



D 



J = ^r 1 K. /x(ArG) A G( r ) ))([^]) 



(u, Dj )([D j ]) = K 



r-l 
Dj 



(8.15) 



Formula ( 8.13 ) for D T j follows from ( |S. 15 ) and (|4.4| ); formula ( 8.14 ) is obvious. □ 



9. Breaking down the desingularizing morphism 

The unique crepant resolution-morphism of the singularities discussed in the pre- 
vious section can be factorized into (normalized) blow-ups in several ways. We 
give here two canonical decompositions of / = f? of this kind. 

(a) Maintaining the notation introduced in the proof of thm. |8.2| for the construc- 
tion of the unique, basic, coherent triangulation T, besides s (j; £ 1; . . . , £ r _ 2 ) 's 
(and conv(_Bi as t), for I = 1 mod(r — 1)), we define 

B (j,j';£i,t; 2 ,-..,£ r -2) ■= |n w ,n( 3 ), e fl , ej 2 , . . . , e fr _ 3 | , 

as well as 

s(j,f-,€i,$2,---,tir-2) ■= conv(B(j,j';Ci,C2,--- ; C-2)) . 

and 

<r(3,j';€l,t2,--->€r-2) '■ =CT S (j,f;C 1 4 2 ,...4 r _ 2 ) = P° S (- B (i>i';^1.^2>---,^r-2)) ! 

for all indices j, j' with 

o<i</< — — , 
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and for all r — 1 possible (r — 2)-tuples (£i,£ 2 , • ■ • 1^-2) G Obviously, 

s (i, /; £1, £ 2 > • ■ • > C-2) = s (?; £n £2. • • • . C-2) 
whenever j' = j + 1. Let now k denote the positive integer 

5(^1 + 1)] , if Z = lmod(r-l) 



k := < 



\ + 1 - if i = 0mod(r-l) 



• For I = 1 mod(r — 1) we introduce the following simplicial subdivisions of the 
junior simplex Sg '■ 



£1 := < 



■.r-2 



s(l;^^ 2 ,...,C-2), s(l,^;^,e 2 ,...,$ 
conv(B last ) =8^1=1,1=1;^,^,...,^ 
k for all (£1, £ 2 , • • • , Cr-2) e ^r, together with all their faces , 



and 



2i+i ; — 



si*, ^=r -* + l;€i»€ 2 »---»€r-2) . 

for all (£i,£ 2 : • ■ ^C-2) G S r, 
together with its faces 



U 



s + 1;^, . . .,£ r _ 2 ) > s (i + 1, ^-y - ■ - ,^-2) , 

s(H- i 'H- i + 1 ^l."-»^-2). 

for all . . . , Cr-2) G "f, together with all their faces 
for k > 2 and alH, 1 < i < k — 1. 
• Analogously, for Z = mod(r — 1), we define 

s (i; £i> &2> • ■ • j Cr-2) 1 s 7^1 — i; C17 C 2 j ■ • ■ 7 Cr-2) 7 

for all (Cij €2: ■ • ■ 7 Cr-2) e ^r, together with all their faces 



Si := < 



and 



W+l 



S r^T *> £l' ^27 ■ • ■ 7 £r-2^ 7 

for all (^,C 2 , ■ • ■ ,£ r _ 2 ) G s r, 
together with its faces 



U 



u < 



s (i, i + 1; ^ r _ 2 ), s^ + l, f ^ T -i-l;^ 1 ,...,^ T ._ 2 ) , 

s (t~t — * — I7 — £17 ■ • ■ 7 Cr-2) 7 

for all (^1, . . . , Cr-2) G S r , together with all their faces 
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for k > 3 and all i, 1 < i < k — 2, and finally 

! S (r^T> Cl) ^2) • • • ) £r-2 j ' 
for all (&,&,..., £ r _ 2 ) GS r , 
together with its faces 

Next lemma is obvious by construction. 

Lemma 9.1. All the above defined simplicial subdivisions ,% K are triangu- 

lations and cover the entire Sq. 



Proposition 9.2 (First, speedy factorization). 

Let (C r /G, [0]) = (X (Nq, Ac) , orb (cto)) denote the Gorenstein cyclic quotient 
singularity of type (8.3) with I satisfying condition (8.4). Then the birational 

resolution-morphism f — fx is the composite of the K toric morphisms 

X K :=x(n g ,A g (T) 



X := X (Nq, Ag) J^X 1 ^-X 2 



9»-i v 9« 
< A K _i < — 



with 



X ( := X (V G , A g , Vi, 1 < i < k - 1, and T = X K 

In particular, in algebraic-geometric terms, one has 



X 



i+l 



Norm 



Vi, < i < k - 1 , 



with centers 

orb (cr ) 



V 



V 



(pos({nW,n(^- 4+1 )} 
(pos({nW „(^-0})) 



if i = 
if 



k>2, 1 < i < k- 1, 
and Z = 1 mod (r — 1) 



if 



k>3, 1 < i < k-2, 
and I = mod (r — 1) 



. V(pos({e 1 ,e 2 ,...,e r _i})) 



if i = 



I & 1 = mod (r - 1) 



Sketch of proof. Since Nq is a "skew" lattice, it is not so convenient to work 
directly with it. For this reason we consider the linear transformation 



$ : 



■$(y) :=M-y, 



with 



7G 



M := 



I 

-1 
-1 





1 
1 



-1 

V - (I - (r - 1)) 



\ 





1 / 



G GL (r, ( 



The image of the lattice Nq via <I> is the standard lattice Z r = X)i=i^ e «- in 
particular, 

N G = Z r +Z - (l,l,...,l,I-(r-l)) T = zi (l,l,...,l,/-(r-l)) T +^Z ei , 

and $ maps this Z-basis of Nq onto 

*(j (l,l,...,l,I-(r-l)) T ) =ei, $(e 2 ) = e 2 , . 

the positive orthant do onto the cone 

:= $ (cr ) = pos ({t), e 2 , e 3 , . . . , e r }) 

with 

| 1,-1, 



$ (e r ) = e r 



:= $ (ei) 



I (r 



a-(r-i)) , 



-2)-times 



and the Hilbert basis HlbAr (ctq) of ero w.r.t. iV (cf. (3.5), (8.6)) onto 

$(Hlbjv ((T )) = Hlb Z r (cto) = conv ({o, e 2 , e 3 , . . . ,e r }) HZ - ' 
= { Cl e 2 ,e 3 ,...,e r }u{^, t ,( 2 ',... 1 t,M} i 

where := |— rr] , and 



3, 0,0, ■ ■ -,0,0 , + 1 

\ (r-2)-tiroes / 



, Vj, l<j<V. 



(For j = 1, tjW = ei). The dual cone of <7o equals 

(oiJ) v = pos ({e^, + I e\, . . . , e\ + I e^, (I - (r - 1)) e( + le^ r }) 

(with {e^, . . . , e^} denoting the dual of {e\, . . . , e r }). For every m belonging to 
the Hilbert basis Hlb^y ((ctq) V ) (w.r.t. the dual lattice (Z r ) ) define 



r [m] := {y G (To | (m,y) < (m',y) , Vm', m' G Hlb (Z r)v ((cr ) v ) } 
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• Suppose I = 1 mod(r — 1). At first we shall show that for any fixed (r — 2)-tuple 
(£d£2) ■ ■ M&-2) e E r, with {q} = {1, 2, . . . , r - 1} X {£i,£ 2 > ■ ■ ■ ) we nave 

r[%] if g = l 

#(<7(l;f 1 ,...,e r _ 2 )) = ^ (9.1) 

r[er + J<] if ge{2,...,r-l} 

• Moreover, for I > r, 

NN f r [e? + e r v ] if g = 1 

$ a l,^T;d,..,C- 2 = < (9.2) 

V V 77 [ r[ey + e^ + (r-l) g = 2,..,r-l 

and finally 

$(pos(S lMt ))=r[(/-(r-l)) e\ + le y r ] (9.3) 

• Proof 0/ ( pjj ) : Suppose first q = 1. Obviously, 6 Hlb( Z r)v ((cto) v ) and for 
all to e Hlb( Z r)v ((o^) v ) we get 

(to, ex) > (ei , ei) = 1 => e x G r [e^ ] 

and for every j G {2, . . . , r}, 

(m, e\) > (eX,ej) = =>■ e,- G r [e^] . 

Conversely, let y denote an arbitrary element of r [e^ 7 ]. Write 

r 

y = X) ^ e * 

i=l 

as an M-linear combination w.r.t. the basis {ei,...,e r }. Since e^, e\ +/ej, 
2 < i < T — 1, and + belong to (cto) V we obtain 

(er,y)>0, <ey + ieV,y>>(ey,y>, (e^+e^y) > (e^y), 

i.e., /i l5 .., /i r G ]R>o and therefore y G $ (a (1; 2, 3, . . . , r — 1)) = pos({ei, .., e r }) . 

• Suppose now q G {2, . . . , r — 1} . Since 

(ey = <e^+ie^e p > = 0, for p G {2, .., 9 - 2, q - 1, q + 1, q + 2, , 

and 

(to, ei) > (ei + / , ei) = 1, for all to G Hlb (Z r)v ((5^) V ) , 

the inclusion "c" is obvious. Conversely, let y denote an arbitrary element of 
r [e^ + / e^] and write it as K-linear combination 

i£{l,2,...,q-2,q-l,q+l,q+2,...,r} 
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Since 

Mi = (et + le v q ,y)> 0, (e^ + le v ,y) < (e v ,y) «=> /*, > 0, 

and 

(e^ + le* y) < (e^ +Z e ;,y) /i p > 0, 
for p£ {2, . . . , q — 2, q — 1, q + 1, g + 2, . . . , r}, we have 

y e $ (<r (1; 2 } .., g - 2, g - 1, g + 2, .., r)) = pos({o,e 1; .., e g _ l5 e g+ i, ..,e r }) . 

• Proof of (^^) : Suppose first 5=1. The inclusion "C" can be easily checked as 
before. Let y be an element of r [e^ + e^] and write it as linear combination 

r-l 

y =X) I** &i + to^ } ■ 

i=l 

We have 

(e)f + e„ v , y) < (ejf, y) -// r i/ + Mr < Mr > (by i/ = > l) 
and 

{e[ + e y r ,y) < (e y + e y + (r - 1) ej,y) ^ t x j > 0, Vj, 2 < j < r - 1, 
as well as 

(e? + eV y)<((/-(r-l)) e\ + le y ,y) 
which is equivalent to 

< {{I - r) e\ + {l- 1) e v , y) = (I — r) + » r v)+{l - 1) (Mr - Mr") = (* ~ r) Mi, 

i.e., /xj > 0. Hence, y e $ (<r (l, ^r; 2, 3, .., r - l)) = pos({^ v \ e u e 2 , .., e r _i}) . 

• For g £ {2, . . . , r — 1} the proof of the inclusion "c" is again easy. To prove 
"D" it is enough to consider an clement y G t [e y + e w + (r — 1) e g ] and write it 
as linear combination 

y = to e i + M g + Mr t) (l/) • 

ie{l,2,...,g-2,«-l,g+l,g+2,...,r— 1} 

By definition, y satisfies the three inequalities 

(e y +e y + (r-l) e v, y ) < K+e^y), 

(ey + e r v + (r - 1) e g v ,y) < ((/-(r-l)) e v + / e v, y ), 
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and 

< e r + % + (r - 1) y) < + + (r - 1) e£, y> , 

for all p 6 {2, . . . , g — 2, g — 1, q + 1, g + 2, . . . , r}. Direct evaluation combined 
with 

((I - (r - 1)) + I «£, o) = 0, ((/ - (r - 1)) e( + I e^,^) =l-u(r-l) = l, 
gives fi i G M>o, for all i, 1 < i < r, i.e., y belongs to 

$ (o- (l, ^er;2, ..,<?- ..,rj) = pos (|r>,rj (i/) ,ei, „,e g _i,e g+ i, ..,e r _i|J . 

• Proof of ( |9.3D : Since 
((I - (r - 1)) er + I e?,x>) = ((I - (r - 1)) e\ + I e y r , e s ) = 0, Vj, 2 < j < r - 1, 

we have 0, ■ ■ ■ , e r _i G r [(/ — (r — 1)) + le^}. On the other hand, by the 
definition of (<?o) V , 

((I - (r - 1)) + I e^, r, M ) = 1 < (m, t) (l/) \ , Vm, m G (ct^) v n (Z r \ {0}) . 
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Consequently, 

$( P os(S last )) = poB({t»,tjM,ea ) e 3 ,... ) e r _ 1 }) Cr[(Z-(r-l)) e\+le y r ] . 

To show the converse inclusion take again a y <E t [(I — (r — 1)) + I ], write it 
as linear combination 



J=2 



and use the inequalities 



< ((/-(r-l))ey+/e^y)=/i r , 

< ((/-(r-l))e^+/ e ^y)= Atr .<(e^ + e^y) = (r-l)/i 1 +M r , 
and for all j, 2 < j < r — 1, the inequalities 
((I - (r - 1)) er + I y) = Mr < + e r v + (r - 1) ej, y) = (r - 1) ^ + Mr 



By (|9.lD , (P.2D, J9.3Q , and lemma |9.l| we obtain 



% II f $ _:L (VN) together 1 

~ 1 I with all their faces f 



mG*(Hlbjv(<To)) 



This means that Aq (Xi) = (A<5) bl [orb(cro)] by proposition 3.S, and therefore gi 
is indeed the proper birational morphism corresponding to the normalized, usual 
blow-up of X (Ng,Ag) at the closed point orb(cro). 

• If k > 2, in the second step we blow up (simultaneously) the (r — 2)-dimensional 
common singular locus of all affine charts i-i .t ^ ^ y Note that locally 

a neighbourhood of such a singular point within X (jSfci Aq (Ti)^ can be viewed 
like a 

^2-dimensional Ai-i n-singularityj x C r ~ 2 . 
To prove that the above defined triangulation T2 induces the normalization of this 



blow-up, one applies theorem 3.6 and techniques similar to those used for Ti. The 
details are left as an exercise to the reader. Repeating the described procedure 
altogether k — 1 times we arrive at the entire basic triangulation T = % K . 

• The proof in the case in which I = mod(Y — 1) can be done analogously and 
will be omitted. The only difference is that in the last step one blows up (once) the 
remaining 1-dimensional singular locus V (pos ({ei, e^, ■ ■ ■ , e r _i})) inherited from 
the single non-basic facet of Bq- □ 

Figures 11 (a) and (b) show this speedy factorization of / for the singularities of 
type 1/10 (1, 1,8) and 1/11 (1, 1,9), respectively. 
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(b) A second canonical factorization of / = fx is constructed by means of the 
following v = [rzrrj triangulations of the junior simplex: 



1[:= 



s (l; £ 2 > • • • > Zr-2) > conv ' e «i ' ■ ■ ■ ' e £.-2 }, 

for all (Ci! • • • i £7—2) e together with all their faces 



and 



T' 



conv({n«,e ?i ,...,e ?i ._ 2 }) , 

for all (£ 1; £ 2 , . . - ,Cr-2) 6 S r, 
together with its faces 



U 



■})■ 



s (i+ 1;^, . . . ,f r _ 2 ) . conv e ?1 , . . .,e £r 

[ for all (£ l5 . . . , £ r _ 2 ) £ ^r, together with all their faces 
for all i, 1 < i < v — 1. 



Proposition 9.3 (Second factorization). 

Let (C r /G, [0]) = (X (Nq, A g ) , orb (do)) be the Gorenstein cyclic quotient singu- 
larity of type (8.3) with I satisfying condition ( |S.4| ) . Then the birational resolution- 

morphism f = fx can be expressed also as the composite of v = (j^ttI toric 
morphisms 



X := X {N G , Ac) ^- X! X 2 



■ • • ^ ^ X„ := X (iV G , A G (T)) 

with 

Xi := X (iV G , A G , Vt, < i < and Tq = trival triangulation, 1^ = T. 



In particular, 



Xi + i = Norm 



Vi, Q < i < 1/ — 1 



for appropriate Oxi-ideal sheaves Xi, such that Zi = supp(Oxi /Xi), where 



orb(o- ) 



if i = 



Zi = < 



rb (pos({n (l \ 



ei, 



i e r _i 



})) 



if < 



either u > 2, 1 < i < v — 1, 
and Z = 1 mod (r — 1) 

or 1/ > 3,1 < i < v-2, 
and Z = mod (r — 1) 



, V r (pos({ei,e 2 ,...,e r _ 1 })) 



if 1 = mod (r — 1) 



i = v — 1 
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(Up to the above last case and the case in which v = 1, all Z^s are endowed with 
a non- reduced scheme structure). 

Moreover, one has 



Xi + i = Norm 
with respect to the different lattice 

N [{] :=Zn (,) ©Zei 
and the star of the cone 



BI™g (fli) [X %;Star (0 i; A G (£/)))! /G t 



0; := pos (jn w ,ei, . . .,e r _i|j , 



for all i with < 



i Z e r _i 



either < i < v — 1, 
and £ = 1 mod (r — 1) 

or v > 2, < i < ^ - 2, 
and Z = mod (r — 1) 



where Gq = G and Gi = (gi) denotes the cyclic group of analytic automorphisms 
of 

Star(0 <; A G (T/))) = C r 

generated by 

gi : C T 3 (Zl, .., Z r ) I ► (Cz-j(r-l) ' z 1j Cj-i(r-X) ' z r-l> Cj_i(r-i) ' " z r) £ C r . 

The proof of |9.3| is an immediate generalization of that of the case in which r = 2 
(see [7^ (ii)), relies on a successive application of and is left as an exercise to 
the reader. (The only difference is that whenever r > 3 and I = mod(r — 1), we 
also blow up the remaining 1-dimensional singular locus in the last step). Figures 
12 (a) and (b) illustrate the triangulations inducing the factorization of / for the 
singularities of type 1/6 (1, 1, 4) and 1/7 (1, 1, 5), respectively. 
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Remark 9.4. (i) Combining propositions 9.2 and 9.3 with corollary 3.4 one may 
obtain alternative proofs of the projectivity of / = ft . 

(ii) The proofs of [T^ and 9J3 work after minor modifications even if one omits the 
assumption for T to be basic. 



Exercise 9.5. Under the assumption of prop. |9.2| , determine a single Ox(n g ,a g )- 
ideal sheaf X, such that Sing(X (N G , A G )) = supp(0 X (N G ,A G )/Z) and f = fr 
itself is nothing but the normalized blow-up: 



Norm 



a g) ) (X (N G , A G (T))) — ► X (N G A G ) = C r /G 



of X (N G , A G ) (cf. thm. |Io| and rem. |?\| (hi)). 
10. Further remarks and a conjecture 



As we already saw in 7.S (ii), in dimension three, besides j (1, 1, / — 2)'s there is 
also another "new" Gorenstein, cyclic quotient singularity having a unique, pro- 
jective, crepant resolution, namely j (1, 2, 4). This can be generalized in arbitrary 
dimensions too! 

Theorem 10.1. The cyclic Gorenstein quotient singularity of type 




can be fully resolved by a torus-equivariant projective crepant morphism in all 
dimensions r > 2. Moreover, up to isomorphism, this resolution is unique. 



The proof of theorem 10.1 will be given in [12j. As you guess, the required trian- 
gulation T will be the high-dimensional analogue of that of figure 9. The details 
of the proof of the uniqueness of T and of the fact that it is indeed basic are 
somewhat lengthy, and involve binary representations, explicit Hilbert-basis de- 
termination and some tricks with determinants. The coherence of T, on the other 
hand, can be shown directly by using tools from the theory of polytopes, i.e., by 
avoiding both patching lemma and factorization arguments. 

Forgetting completely the uniqueness-property, we believe that this single singu- 
larity is again nothing but "the first member" of an infinite family of Gorenstein 
cyclic quotient singularities ( |10.1[ ), called for simplicity r-dimensional geometric 
progress singularity-series of ratio k (in notation: GPSS(r; k)), all of whose mem- 
bers admit the desired resolutions. 
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Conjecture 10.2 (GPSS(r; fc)-Conjecture). All cyclic Gorenstein quotient sin- 
gularities of type 




(10.1) 



admit torus-equivariant projective, crepant, full resolutions for all r > 4 and all 
k > 2. 



Exercise 10.3. As a first approach to 10.2 (e.g. to GPSS(4; fc)-conjecture), con- 
sider the example ^(1,3,9,27) (with k = 3) and normalize the blow-up of 
X(7Vg,Ag) at orb(cro) (equipped with the reduced structure). What kind of 
triangulation of the junior tetrahedron Sg will be induced by this procedure ? 
What would you expect as "next step" ? [Hint. Relate what you "see" with the 
singularities being studied in Jll|.] 
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